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An improved method for obtaining solutions to integral 
equations for the two-particle distribution functions of simple 
fluids has been developed. The method has been applied to the 
Percus Yevick and Hypernetted Chain approximations, particularly 
in the region of the liquid-vapour co-existence curve.
It is shown that the Percus Yevick approximation predicts 
a phase change in a Lennard-Jones fluid. The predicted 
critical density is not particularly sensitive to the range of 
the attractive forces. However, the critical temperature varied 
considerably with the range of the Lennard-Jones potential. If 
the potential was truncated at 3,b(j > the thermodynamic properties 
of the fluid were close to those of argon. At the critical point 
the isothermal compressibility of the fluid became infinite.
This behaviour was not shown by the virial equation of state,
The Hypernetted Chain equation also predicted a phase change 
in the Lennard-Jones fluid, with the critical density and critical 
temperature behaving similarly to those for the Percus Yevick 
approximation. The critical density was always close to that 
predicted by the Percus Yevick approximation, but the critical 
temperature was about 10% higher. Neither the "compressibility"
ivo
equation of state nor the "virial" equation of state predicted 
infinite compressibility at the critical point. It was 
disappointing to find that the equation of state consistent 
with the Hypernetted Chain variational principle (Morita and 
Hiroike, I960) did not show a point of inflexion with infinite 
compressibility at the critical point.
It was concluded that the Percus Yevick approximation was 
superior to the Hypernetted Chain approximation near the 
liquid-vapour co-existence curve.
The work has been described in two papers accepted for 
publication by the Journal of Chemical Physics:
a) The Percus Yevi^Approximation Applied to a Lennard-Jones fluid,
b) The Hypernetted Chain Approximation Applied to a Lennard-Jones
Fluid, both by R.O. Watts.
A further paper, based on the work described in Chapter 6, 
has been submitted for publication.
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Perhaps the most difficult problem in classical statistical 
mechanics is the derivation of a satisfactory theory of dense fluids. 
The application of the methods of statistical mechanics to the solid 
state and to dilute gases has yielded good results. Unfortunately 
dense fluids have neither the ordered structures typical of the solid 
state, nor the absence of multiple interactions typical of dilute 
gases. Accordingly, a theory of dense fluids cannot be based 
completely on either of these characteristics, but must include the 
ability to describe both.
One of the first attempts to describe the behaviour of fluids in 
the region of their critical points was due to Van der Waals (see 
Uhlenbeck and Hemmer, 1965). Obtained largely by intuitive 






where P is the pressure, V the volume, k is Boltzman's constant 
and T the absolute temperature. The arbitrary parameters a and 
b represent the forces between the particles in the fluid and the
2.
finite volume of the particles respectively. Together with Maxwell's 
equal area rule, eqn 1:1 leads to the existence of a critical point 
where
V = 3b, P = a/27b2, kT = 8a/27b . 1:2c c c
The critical point is represented as a point of inflexion on the 
critical P-V isotherm. At the critical point the isothermal 
compressibility of the Van der Waals fluid,  ^ J  ^ ? becomes
infinite. This behaviour is observed for real fluids.
Although Van der Waals theory was remarkably successful, it was 
not a purely microscopic theory of fluids. A more systematic theory 
of fluids became possible only after the development of statistical 
mechanics. From around 1930 onwards the theories of dense fluids 
can be considered under two main headings. The first of these 
subdivisions includes the Lattice theories (Barker, 1963), whilst the 
second is based on improving theories of dilute gases (Rice and Gray, 
196b).
1:1 Structural Theories of Fluids
Lattice theories of dense fluids are based on the well-developed 
theories of the structure of solids. Generally, a solid-like lattice 
is assumed for the liquid, and the thermodynamic properties calculated 
on the basis of this model. One variety of lattice theory (Lennard- 
Jones and Devonshire, 1937) considers that each molecule is allowed to
3.
move independently in a cell. The potential acting on any one 
molecule due to the rest of the system is averaged over the cell.
The centres of these cells form the sites of a cubic face-centred 
lattice, which spans the liquid volume. In the theory, the number 
of cells is equal to the number of molecules.
The hole theory (Eyring, 1936) decreases the co-ordination number 
of a molecule in the liquid by introducing into the cell theory a 
number of vacant lattice sites. This type of theory is more 
difficult to develop than one based on the Lennard-Jones and Devonshire 
model, An improvement on both of these theories is the tunnel theory 
of Barker (i960). The essence of this model is that the molecules 
of the fluid are divided into linear subsystems. Each line of 
molecules is moving in an almost one-dimensional tunnel, whose walls 
are formed by neighbouring lines. All of these theories have had a 
certain amount of success in predicting the thermodynamic properties 
of real fluids (see Levelt and Cohen, 1964). The main fault with this 
type of theory is that it usually underestimates the entropy of the 
system. This is probably due to the fact that lattice models 
attribute too much structure to the fluid state. That is, liquids in 
general are more disordered than the lattice theories assume. The 
monograph by Barker (1963) gives a full account of these theories.
There have been several other theories of liquids, many of them
4 .
based on assuming structures for the fluid (Henderson, 1964), 
including the recent significant structure theories of Eyring and 
co-workers (1963). In addition there are the Monte Carlo and 
Molecular Dynamics computer calculations due to Metropolis et al.,
Wood et al. and Wainwright and Alder (see Barker, 1963). These 
latter calculations are limited by the fact that the electronic 
computers used are capable of dealing with only a small number of 
particles.
1:2 Theories Based on Integral Equations
The theories of dense fluids dealt with here are all based on 
the radial distribution function of the fluid, g(r). It will be 
shown in Chapter 2 that once this function is known, then the 
thermodynamic properties of the fluid are readily available. There 
have been two main approaches to obtaining approximations for the 
radial distribution function. The first approach is based on two 
hierarchies of integral equations derived independently by Yvon (193b) 
and Born and Green (1946), and Kirkwood (193b), whilst the second is 
based on approximate relations between the radial distribution function 
and the direct correlation function.
The hierarchy of equations developed by Yvon, and Born and Green, 
is used to obtain an integral equation relating the two-particle 
distribution function to the three-particle distribution function.
5 .
It is derived by differentiating the two-particle function,
( 2)rv '(l,2), with respect to r., the position vector of particle
( 2)one. Kirkwood's integral equation relating rv '(1,2) and
(3) >rv ' (1,2,3) is obtained by introducing a parameter £ coupling
particle one to the rest of the system through the intermolecular
potential function. In this case the integral equation relating
n^^(l,2) and n ^  (1,2,3) is obtained by differentiating n^^(l,2;£)
with respect to ^  .
Both the Yvon-Born-Green equation and Kirkwood's equation are 
exact. To close either system of equations a further expression 
relating n^^(l,2) and n^^(l,2,3) is required. This is obtained 
from the Kirkwood Superposition approximation (Kirkwood, 193b; 
Kirkwood and Boggs, 1942). At very low densities n^^( 1,2,3) 
becomes proportional to the pair distribution functions :
(3), > n(2)(l,2) n(2,(l,3) n(2)(2,3)n (1,2,3) = ----------------------------
n ^ U )  n^)(2) n^)(3)
1:3
(For uniform fluids at equilibrium n^  \l) = n ' ^(2) = n^  ^(3) = n .) 
Kirkwood suggested that this expression should be used for n '(1,2,3) 
at all densities. If the superposition principle is used with either 
of the hierarchies, two different integral equations are obtained.
The disagreement between the solutions to these equations is a 
measure of the validity of the Kirkwood superposition principle (see
6.
Levelt and Cohen, 1964).
The direct correlation function, c( r) , was first introduced 
by Ornstein and Zernicke (1914) in their study of the phenomenon! 
of critical opalescence. They defined the function by
The Percus Yevick (PY) (Percus and Yevick, 1958; Percus, 1962) 
and Hypernetted Chain (HNC) (Van Leeuwen, Groeneveld and De Boer, 
1959; Meeron, 1960; Morita and Hiroike, 1960; Rushbrooke, 1960; 
Verlet, 1960) approximations are two approximate expressions 
relating the direct correlation function and the radial distribution 
function. These two approximations may be used with eqn 1:4 to 
obtain integral equations for either g(r) or c( r).
The validity of an approximation for the distribution functions 
of a fluid may be tested in several ways. To begin with, the 
integral equation for g(r) (say) may be solved exactly for some 
model fluid and the resulting expression compared with the known 
result for this fluid. Thus it can be shown that the PY 
approximation gives the exact result (Tonks, 1936) for a one 
dimensional gas of hard rods, (see Wertheim, 1964). Similarly, 
the PY equation can be solved for a system of hard spheres, as has 
been shown by Wertheim (1963, 1964), Theile (1963) and Baxter
c (r - s) 1:4
where h (r) = g (r) - 1
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(1967a). It is found that the compressibility equation of state 
for this model is in excellent agreement with Monte Carlo 
calculations on hard sphere systems.
A considerable amount of work has been done on calculating the 
virial co-efficients predicted by the PY and HNC approximations, and 
comparing the results obtained with the known values. It was shown 
that both approximations predict the first three virial co-efficients 
exactly. Percus and Yevick (1958) showed that the PY approximation 
for the fourth hard-sphere virial co-efficient was nearer the known, 
exact value, than was the superposition principle. Rushbrook (1963) 
calculated the fifth and sixth virial co-efficients using the PY 
approximation for hard-spheres and showed that the fifth was in good 
agreement with the Monte Carlo estimate of Rosenbluth and Rosenbluth, 
(1954). It became apparent from such investigations that the PY 
approximation was better in this respect than the HNC approximation 
(Hurst, 1965), and several attempts were made to improve the latter 
approximation (Verlet and Levesque, 1962; Hutchinson and Rushbrooke, 
1963; Hurst, 1965).
An alternative method of assessing the merits of these 
approximations is to solve the integral equations for the 
distribution functions, and use these to calculate the 
thermodynamic properties of the fluid being considered, It is
8.
usual in this type of investigation to use a more realistic potential 
than the hard sphere model« A number of investigations have been 
carried out using the 12-6 Lennard-Jones potential (Lennard-Jones, 
1924), In particular the PY approximation has been investigated by 
Broyles (1961), Broyles, Chung and Sahlin (1962), Khan (1964 a,b), 
Khan and Broyles (196b), Throop and Bearman (1966b) and Levesque 
(1966) whilst the HNC approximation was examined by Klein and Green 
(1963), De Boer, Van Leeuwen and Groeneveld (1964) and Levesque 
( 1966). All of these groups examined the approximations above the 
critical temperature in some detail, and many extended their 
calculations to lower temperatures. The general conclusion 
reached was that the HNC approximation was inferior to the PY 
approximation. Broyles, Chung and Sahlin, and Levesque, included 
the Kirkwood superposition principle in their investigations. It 
was found that the HNC approximation was better than this 
approximation.
Once the distribution functions have been calculated, it is an 
easy matter to obtain the thermodynamic properties. The equation 
of state may be calculated either from the virial equation of 
Clausius, or from the isothermal compressibility, which is obtained 
after integrating the direct correlation function. For an exact 
solution to the problem of evaluating the distribution functions,
9.
these two equations of state should agree. The difference between 
them is to some extent a measure of the validity of the 
approximation. The compressibility of a fluid at the critical 
point is found to be infinite. Accordingly, a good test of the 
behaviour of an approximate expression for the radial distribution 
function is to evaluate the compressibility at the critical point. 
These, and other, thermodynamic properties may be compared with 
the behaviour of real gases such as argon, or models such as the 
Monte Carlo calculations, to give an indication of the validity 
of an approximation. (When comparing the calculated properties 
with the observed behaviour of real gases, however, it should be 
remembered that the potential model used is certainly a source of 
error).
Such investigations were carried out by the above groups.
They all agreed that near the liquid-vapour co-existence curve 
both the PY and HNC approximations became inadequate. However, 
there were reasons to question the validity of their conclusions 
near the co-existence curve. In particular, it was found that 
near the co-existence curve the usual method of solving the 
equations (Broyles, 1960) began to fail, Broyles' method (see 
section 3:1) was based on the iteration of a trial solution to the 
equation. As the density increased so did the number of iterations
10.
needed before convergence could be assumed. Thus it was difficult 
to obtain good solutions near the co-existence curve. Broyles' 
procedure also required that the radial distribution function 
became exactly equal to one beyond some range R. As will be shown 
later, this assumption is incorrect near the critical point, when 
the compressibility becomes very large.
For these reasons it seemed necessary to look for a new method 
of solving the PY and HNC approximations, and at the same time to 
try to remove the necessity to assume an asymptotic form for the 
radial distribution function. The first requirement was obtained 
by using a modified Newton technique to solve the equations, whilst 
the second was obtained by using a form of the Ornstein-Zernicke 
equation derived by Baxter (1967a). This thesis is used to 
describe the results of the new investigation of the behaviour of 
the PY and HNC approximations near the critical point.
n.
CHAPTER 2
THE STATISTICAL MECHANICS OF FLUIDS
Statistical mechanics is designed to relate the macroscopic 
properties of a system to the molecular properties of the particles 
composing the system, and has been applied to both equilibrium 
(Hill, 1956) and non-equilibrium (Prigogine, 1962) systems.
Here the discussion is restricted to single-phase classical systems 
in equilibrium. The particles constituting the systems are 
considered to have strong, short-ranged, repulsive forces, and 
weaker, longer-ranged, attractive forces. Further it is assumed 
that the particles are spherically symmetric and that they are 
allowed three dimensional movement within the volume in which they 
are constrained. They are not allowed rotational or vibrational 
degrees of freedom, and consequently only translational degrees of 
freedom contribute to the thermal internal energy of the system.
The problem of dealing with interactions between particles is 
complicated. As Fitts (1966) has pointed out, the total 
interaction energy, U(1, ... , N) of a system of N particles may 
be divided into contributions due to two-body, three-body, ... 
N-body interactions. It is also possible that some external force 
is acting on the system, for example a magnetic or gravitational
12 .
field. Thus the expression for U(1, ... N) may be written
N N N
U(1,2,...N) = £  u(R.) + Y. u(R.,R ) + I  u(R., R , Rk)
i= 1 i=»j = 1 i=-j=- k= 1
+ ___  2:1
whbre is the position of the i ^  particle, and u(R^, R ^ , ... R^) = 
= u. . is the appropriate interaction energy. If it is1 > J 9 • • n
assumed that the particles are interacting through central two-body
forces only, and that there is no external field acting on the
system, then the interaction energy of the N particles can be
written as  ^ n
U(1,2, ... N) = Z  u( Ri - R •1) = ^  ui. . 2:2
i>j 1 J 1 i=*j 1J
2:1 The Concept of Ensembles
A system of real particles in the fluid state is so large that 
at any given instant the positions and momenta of its constituent 
particles are quite indeterminate. Experimental measurements of 
macroscopic properties give the average behaviour of the system over 
some period of time (Kirkwood, 1946). Although this period may be 
very short, it is still considerably longer than the lifetime of any 
given configuration of the particles constituting the system. A 
statistical mechanical ensemble attempts to reproduce the average
13.
behaviour of the system.
The most usual ensemble dealt with in the statistical mechanics 
of fluids is the Grand Canonical Ensemble. This ensemble is 
designed to reproduce a system in thermal and material contact 
with its surroundings. That is, it allows for the interchange of 
both energy and matter. A second ensemble commonly dealt with is 
the Canonical Ensemble. This ensemble reproduces a system allowed 
only thermal contact with its surroundings. Microcanonical 
Ensembles are models of isolated systems, where both the energy 
and constitution is constant. Although other types of ensembles 
are used, they are not important here.
An ensemble is a collection of replica systems. Each system 
is allowed to take up any of the configurations open to the real 
system it is modelling. It is assumed that the number of systems 
in the ensemble is so large that the number of these systems in 
each available configuration is a measure of the probability of 
finding the real system in that configuration. A basic assumption 
of statistical mechanics is that the behaviour of the ensemble 
reproduces the average (i.e. measured) behaviour of the real system
In a Grand Canonical Ensemble each system is of fixed volume V 
and is separated from the other systems by a membrane permeable to
14 .
energy and matter, The state of the k ^ 1 system is defined by its 
volume V, its composition N and its energy E^. For each system a 
number of energy states in the range (E, E + A E) are available. 
It is assumed that there are wk stages of energy Ek ,
Ek (E, E + A E) . Suppose (Mayer, 1942) that there are M 
systems, m of which are in the k Ln energy level for a given number 
of particles N. The number of ways in which this configuration 
can arise is given by
W( m)
M \
/km W r (M - m) 2:3
Note that wk 2  m. W^(M - m) is the number of ways in which the
rest of the ensemble may be arranged, subject to the constraints 
of constant energy and constant composition. The connection between 
statistical mechanics and thermodynamics is made at this stage by 
defining an entropy for this arrangement by
S(m) = k log W (m) , 2:4
where k is Boltzman's constant. At equilibrium the entropy is a 
maximum, and so the change in entropy, due to adding a system to a 
state containing m - 1 systems, is zero :
As(m) - S(m) - S(m - l) = 0 ,
or in terms of the rest of the ensemble
k log
w n a




where = k log , Changing from m - 1 to m systems in the
thstates in the k level decreases V, N, and for the rest 
of the ensemble. If M approaches infinity then Sr may be 
identified with the observed entropy of the real system, and we 
have
S r (M - m) - S r(M - .m + 1) 2>s.w - N'N ,E
c) S;
V jE
Using standard thermodynamic relations it follows that
2:6
A s r = i ( - P V + KjJi -Hk) , 2:7
where U  is the chemical potential per molecule. In the limit 
of large M, eqns. 2:5 and 2:7 give
m
M w^
exp ( - PV + N/i. - Ek) / kT 2:8
where the left hand side is the probability that for given P, V, T 
and N the system occupies a state of energy E^. The probability 
that in an infinitely large system, of known P, V and composition
16
(i.e. ^  N is known), an arbitrary volume V will have composition 
N and energy is given by
Pr ( Ek , N , V) = wk exp (- PV + N/i - Ek)/kT n/M 2:9
The Grand Partition Function, Z , is defined by
* ■ Z
k.N
wk exp (N/i - Ek) / kT 2:10
whence it follows that
^  ~  1
Pr (E , N, V) = Z wk exp (n/i - Ek) / kT
As by definition ^  Pr (E, ,N, V) = 1, it follows that
k,N
■*-
Z exp (PV/kT) ?
2:11
2:12
which is the fundamental relation between the Grand Canonical 
Ensemble formalism and the macroscopic properties of the system.
If the number of particles in the ensemble is held constant 
the sum over N in eqn, 2:10 disappears to give, for the Canonical 
Ensemble the Partition Function ,
Qn = E wk exp (- Ek / k T) , 2:13
k
-1
Pr (Ek, N, V) = Qn wk exp ( - Efc / kT )and 2:14
17.
If the energy is also held constant, then the microcanonical 
ensemble has
Pr (Ek, V, N) = 1 , 2:15
and the probability of finding the system in one of the wk states of 
energy is w^
The formalism to date is valid for a quantum mechanical system, 
where the states w^ can be identified with the discrete energy levels 
available to the system. When discussing the properties of classical
fluids it is more convenient to use the phase space description of the 
system. Any system of N particles can be described in terms of the
positions and momenta of the constituents. The state of the system
, xis represented by the set of momenta, (p( , p( , p( , .... p , p^ , p^ j 
and the set of position co-ordinates (r, , r , r, .... r , r , r , ) of 
the particles. These 6N co-ordinates are used to define a point in 
6N dimensional phase space (Hill, 1956). It is usually assumed that 
the Hamiltonian for the system may be separated into contributions 
from the momenta and positions of the particles :
H =
N 1 oE T £i+ u (n
i=i 2m
N) 2:16
where p^ is the momentum of the i particle, and m its mass. Then 
it can be shown (Rice and Grey, 1965) that for a classical system 
the partition function in the canonical ensemble may be written
18.
3/2
dl...dN e-U(l, .. N)/kT
2:17
where the integral j dl is an integral over the co-ordinates of 
particle 1, I dr^ dr| dr^ , Planers constant, h, is introduced 
when making the transition from quantum systems to classical 
systems, and arises from a combination of the Uncertainty 
Principle and the size of A e , the range of energy available to 
E^. It should be noted that as an equilibrium ensemble is being 
considered, it has been possible to carry out the momentum 
integrations arisingin the transition from 2:13 to 2:17.
If the fugacity, z, is defined by
3/2
-M/kT
2 7T m kT\
2:18
then it may be shown that the Grand Partition Function is given by
0© N r . N i
r-1 z f f
= --- /<.<../ d 1 d 2 ... d N exp
. 4  U iJN=0 n : j kT i =-,]=!
2:19
where the energy has been given by equation 2:2. It follows .by 
comparison with 2:11 that the probability that an arbitrary volume
19.
V has composition N and energy E is given by
„N _
Z P(E, V, N) d i ... d N exp -U(l, ... N)/kT
N
2:20
where the integrals are over that volume of phase space where 
U(l, ... N) = E .
2:2 The Distribution Functions
The definition of an average value of some arbitrary function 
of x, g (x ) , in statistics (Keeping, 1962) is
< g ( x ) >  =  J d x g( x) f( x) , 2:21
where f(x) is the probability distribution function of x. In 
statistical mechanics it is convenient to use the s-particle 
distribution functions, n (l, 2, , s ), which measure the 
probability that particle 1 is at point r^ , 2 at , ... s at r & .
(3) rThat is, n is the expected value of a set of (j-functions 
(Percus, 1964)
(1, ... s) = <  j5 ( r x - x ^ )  .... (5 (rs - T s ' ) >  . N './(N-s)
2:22
The factor N i /(N-s) !, accounts for the fact that the s particles 
are indistinguishable. Using eqn. 2:21 as the definition of the 
expectation, and eqn. 2:20 as the probability distribution function,
20.





Z N=s (N-s)1 J
- -  L
d( s + l) .,. dN exp
2:23
kT i >j
Equilibrium properties of the fluid may be determined by the




and for the two-body function
1 °° zN
1<2>U,2) = 4  ^  —
Z N=2
r  r 1 v
• * d2 ., d N exp L  u
kT i=*j XJ
2:24
r r 1 _ “I
.. d3 .. dN exp - —  E utj
, J c kT i
2:2b
(N-2) [
It should be noted that the normalisation is such that on integrating 
n ^ (l) gives the number of particles (=N) , n^^ (l,2) gives the 
number of pairs (=N(N-l)), and in general nv ' (l, .. s) gives the 
number of s-tuplets. For a uniform fluid, the distribution of 
single particles is the number of density,
nU ) (l) n/ v
213
where there are N particles per volume V.
The thermodynamic properties of the fluid may be calculated 
from the radial distribution function, g(r^, t )^ . This measures 
the probability of finding a particle a distance r^ - r^ from a 
particle which is held at r . It is defined by
n (2) n
g(ll» I?) = -ttn---- V tT--- = g(l,2) . 2:26
n 1 (l) n 1 (2)
For uniform fluids this function is spherically symmetric,
i»e. g( r)
>(2) (rr  r2)
2:27
-1 "  -2 It iswhere n is the number density and r 
also convenient to define the indirect correlation function 
h(l,2) by
h (1,2) = g( 1,2) - 1 2:28
( 2)At large distances nv y (1,2) tends to the product 
n^^(l) n^  ^  ( 2) (see Lebowitz and Percus, 1961). Hence from 
eqn, 2:26 and eqn. 2:28 it follows that as Jr^  - tend
towards infinity g(l,2) — ^  1 and h(l,2)—^ 0  .
To enable the PY and HNC approximations to be discussed it is
22.
necessary to introduce the direct correlation function, c(r) .
The direct correlation function was first defined by Ornstein and 
Zernicke (1914) in their theory of critical opalescence. (This 
is the anomalous scattering of electromagnetic radiation by fluids 
close to their critical points). They argued (see Fisher, 1964) 
that the correlation between two particles, h(l,2), is compounded 
of a direct correlation between the two particles, c(l,2), and an 
indirect influence transmitted through a third particle. The 
direct correlation is essentially short ranged, being of similar 
range to the intermolecular forces. The indirect influence is 
the product of the direct correlation between particle 1 and 
particle 3 and the total correlation between 3 and 2 - i.e. h(3,2), 
When allowance is made for the density of particles in the system, 
and the fact that particle 3 may take up any position, this gives 
as the definition of the direct correlation function
h (1,2) = c (1,2) + J n(3) c (l, 3) h (3, 2) d 3 . 2:29
For uniform fluids this may be written, putting r = r^ - r^ ,
§ = rx - r3 , n ( rq) = n,
That this is a true definition of c(r) is shown by taking the 
Fourier transform of eqn. 2:30. Using the fact that there is a 
convolution integral present, eqn. 2:30 gives




1 + n h (k)
where h( k) = /
h ( r) , and similarly for c (k) „
2:3 The Thermodynamic Equations
For a fluid at equilibrium all the thermodynamic properties may 
be obtained in terms of the radial distribution function. For the 
free energy, the resulting expression (Hill, 1956) involves an 
integration through densities. Below the critical temperature of 
the fluid there is a region of densities in which the radial 
distribution function does not exist. Accordingly the free energy 
of the condensed phase cannot be obtained using this expression.
For this reason its derivation will not be outlined. However the 
isothermal compressibility, virial pressure, and internal energy may 
be calculated in the condensed phase, and expressions for them will 
be derived here.
The isothermal compressibility of the fluid is defined by
1 M
V P , T
2:32
from which it follows that
24,
* ' ö n '
öp , if V = N/n
The isothermal compressibility may be obtained if the 
compressibility factor K^, given by
K  n  \
K = kT 
T
is evaluated,
From eqn, 2:12 it is seen that holding T, U, V constant
V l * p ] / -N ^ \l) log z \
b n T l ^ n 1
and from 2:19 that
/  b  Z OQI
N-1 ^  u /kT
i> j ij
dl , „, dN e
\ f N=1 (N - 1) :
d)Multiplying by z, and using the definition of n ' (l) , eqn. 
it follows that
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N=1 (N - 1) I J
Ni
2:38
b ( Z  n( l ) / z )  00 ZN‘2
-----------------------------------------------  _  £ --------------
N=1 (N-2)
Z  u . .
i  t» j  1J
d2 . . .  dN e 2:39
2 ( 2)
or  m u l t i p l y i n g  by z , and u s ing  t h e  d e f i n i t i o n  of nv ' ( l , 2 ) ,  eqn. 2:25
b n( 1h i )  d )  ^  log z*
---------------  + n (1)
b  log b  log
( l )  f  ( 2)
- n ( 1) = J  d2 n ' ( 1 , 2)
2:40
S u b s t i t u t i n g  eqn. 2:37 i n t o  eqn. 2 :40 ,  and r e a r r a n g i n g .
b  nU ) ( l )
n ^ ( l )  + /  d2
b  log z
For  a uni form system eqn. 2:37 leads  to
n( 2 ) ( l , 2 )  - n( l ) ( l )  nU ) (2)
2:41
b  log Z 




b  P \
\ b  log z (
2:42
and eqn.  2:41 g ives  ( u s i n g  eqn.  2:27) 
/ b  n
 ^ b l o g  z
1 + n I d r  ( g( r) - l) 2:43
Hence it follows that for uniform systems
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KT 1 + n d r h( r)
2:44
This is the expression relating the compressibility of the fluid to 
the radial distribution function,
A method of deriving the virial equation of state, due to 
HoS. Green, is described by Hill (1956), On the assumption that 
the pressure of the fluid is independent of the volume, we assume 
that the vessel is a cube. It is convenient in this derivation 
to work with the canonical ensemble. The starting point is the 
expression
F = kT
log z \ 
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The l i m i t s  a r e  due t o  t h e  f a c t  t h a t  t h e  c o n t a i n e r  i s  a cube.  With
l / 3  1 /3
t h e  change of v a r i a b l e s  = V x ' k  ’ = ^ ^ ' k  ’
1 / 3Z’K = V ' z' j^ , k = 1, . . .  N, t h e  l i m i t s  on t h e  i n t e g r a t i o n s  





dx'  . , .  d z ' N exp
N,T
- ( y u . .) /  kT




/... j d x'  . . .  d z ' ^ exp
~( z
i=> j = l
u.p/kT • z du. dri j  1J
i  > j = l \  dr .  . dV \ 13
2:47
where r .  .
i j
Z / 3
i  ‘ j 1
(x.  - x . )  + ( y . - y .) + ( z . - z .)
1 j 1 yj '
2 2 2
( x ' .  - x'  .) + (y*.  - y" .) + ( z h  - z ' . )




t h e  summation a t  t h e  end of eqn.  2:47 gives  N ( N- l ) / 2  i d e n t i c a l  t e rms ,
2 8 .
r e - t r a n s f o r m i n g  th e  v a r i a b l e s  g ives  t h e  r e q u i r e d  e x p re s s io n
d  ln  Z
d  V
1 r d u ( i , 2 )  ^
di  d2 ----- • n (1 ,2 )  ,
V 6VkT d r
N,T
or  f o r  uni form f l u i d s
d u ( r )  \
1 d r  r  —
dr ^
g(r )  . 2:48
n kT 6 s  ' kT
This  r e s u l t  may a l s o  be d e r iv e d  from th e  v i r i a l  theorem of 
C la u s i u s  (Fowler  and Guggenheim, 1939).
The i n t e r n a l  energy of the  f l u i d  i s  g iven by
kT




where QK1 i s  g iven by eqn.  2 :17 .  Car ry ing  out  th e  d i f f e r e n t i a t i o n ,
3 1 f  ^
U = -  N kT + -  dl  . . .  dN ( L  u ) exp
2 Z J  i  =* j = l  J
- (  y, u - - ) / k T
i  =* j= l
In  t h e  i n t e g r a t i o n ,  t h e  sum g ives  N (N - l ) / 2  i d e n t i c a l  t e rm s .  Using 
t h i s  f a c t  and t h e  d e f i n i t i o n  of t h e  c a n o n ic a l  two-body d i s t r i b u t i o n
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function, it follows easily (Hill 1956) that
U 3 n
---  = _ + _
N kT 2 2
u (r)
-----  g(r) . d r
kT
2:50
Note that in the thermodynamic limit N —: ,  N/V = n is 
constant (which is used here for the canonical ensemble) g( r) 
(canonical) and g(r) (grand canonical) are equivalent.
This completes the derivation of exact expressions for the 
thermodynamic properties of the fluid. In the following two 
sections the PY and HNC approximations will be derived.
2:4 Mayer Cluster Integrals; The HNC Approximation
One of the more useful techniques available in statistical 
mechanics is the topological reduction of the Mayer Cluster 
integrals (Salpeter, 1958). The method depends upon re-writing 
the partition functions and the distribution functions in terms 
of the f-function, defined by
'ui / kT
e = 1 + fij . 2:51
If this function is substituted into the grand partition function, 
eqn. 2:19, we obtain
#r
Z = 1 + z dl + —  / dl d2 (1 + f.J + _  dl ... d312
(1 + fi2)(l + f10) (1 + f0Q) +13 23y
2:52
3 0 .
I f  we r e p r e s e n t  t h e  i n t e g r a l s  in  terms of diagrams ( S t e l l ,  1964), w i th
•  = d 1 d 2 f l2  ,
e t c . ,  then  eqn.  2:52 can be w r i t t e n
Z = 1 + ® + ® « +  • —ft • — © +
•  N® + + ^ -^ ®  + • •  + ............
*
This  i s  a c l u s t e r  expansion f o r  Z . Each term i s  known as a 
c l u s t e r  diagram or c l u s t e r  i n t e g r a l .  Some diagrams a r e  r e d u c i b l e  
- they  may be f a c t o r i s e d .  O thers  a r e  i r r e d u c i b l e  - they  a re  not  
f a c t o r i s a b l e .
e . g .  •  « e t c .  a r e  r e d u c i b l e ,
e t c .  a r e  i r r e d u c i b l e .
F u n c t io n s  such as th e  one and two body d i s t r i b u t i o n  fu n c t i o n s  do not  
have i n t e g r a l s  over th e  c o - o r d i n a t e s  of some o f  t h e  p a r t i c l e s .  In  
t h i s  case  th e  c i r c l e s  a r e  l e f t  b la nk ,  and
e.g , d2 d3 f f 12 23 31 A
The blank c i r c l e  i s  l a b e l l e d  - i t  i s  a r o o t  p o i n t ,  whereas the  
s o l i d  c i r c l e s  a r e  termed f i e l d  p o i n t s ,
31 .,
The radial distribution function may be expressed as a power 
series in density (Rice and Grey, 196b) :
oo
lo9 (912) >  ♦ IkT m=3 m-2n 2:53
The co-efficients are irreducible cluster integrals with two root 
points, given by
i f f  V -" n-2/1,2
9- = üTiüJ -] dl - d(M-2y n  (f^
2:54
all simply connected diagrams with n 
labelled points and no f ^  bond.
The series may be written in the form
h( 1,2) = exp ui2/kT + S + B - 1 , 2:55
where S is the class of Series Diagrams and B the class of Bridge 
Diagrams. The former type of irreducible diagram has a Node. That 
is, there is at least one field point through which all paths between 
the two roots must pass. Some examples of diagrams contributing to
S are # * %
f--- f
5 o  O  »
Here the circles represent the density, n, and not z as before. The 
nodes are indicated by B is the class of Bridge Diagrams, and
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these have no nodes. Some examples are
2 /  2 /  2
The direct correlation function, c ^  » is defined by
h
12 2:56
It can be shown (Rice and Grey, 1965) that this definition does in 
fact lead to the definition proposed by Ornstein and Zernicke, eqn. 
2:30. The HNC approximation is obtained from eqn. 2:55 and eqn.
2:56 by making the assumption B = 0 (Van Leeuwan et al., 1959, Morita 
and Hiroike, 1960). With this assumption, S can be eliminated 
between these two equations to give
If this equation is combined with eqn. 2:30, an integral equation 
for either c^2 or 9 ^  maY be obtained.
or c12 hl2 ‘ lo9 (gi2) - ui2 / kT 2:57
The products SS, SB, or BB lead to a class of diagrams P, in 
which the members of the two classes forming the product are joined
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at the root points.
e.g.
-u^^/kT
In equation 2:55 the term e is equivalent to a factor
i + • That is, it introduces bonds into the system.
The PY approximation may be obtained by neglecting all B, and all 
P with and without bonds :
e.g. Diagrams ignored by PY
2:5 Functional Taylor Expansions: The PY Approximation.
The original derivation of the PY approximation (Percus and 
Yevick, 1958) was long and tedious, involving the use of collective 
co-ordinates. A particularly elegant method, described by Percus 
(1962), involves the use of functional Taylor's expansions 
(Volterra, 1959). The method may also be used to obtain the HNC 
approximation, and has the virtue of leading directly to higher 
order approximations.
The starting point is the definition of the conditional 
probability distribution function n ^  (2 l),
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(l),„ n (2) , (1) ,n (2 1) = n ( 1,2) / n ( l) 2:58
Here particle 1 is effectively removed from the system, but is still 
allowed to interact with the system. Thus it behaves as an external
potential acting on the rest of the system, via the potential 
N
. It is apparent that n ^  (2 l) is a functional of U,U - £  u 
i=2 ij
(1)and for this reason it will be written n (2 U) . The functional
U ) ,  , “ 1n (2 U) e
u./kT
is expanded in a functional Taylor series in 
density about U = 0 to give
/ > u /kT
( D  , , 12n (2 U) e (1), . n (2) + n(i) (3 U) - n(i (^3)
u /kT 
e 12 )ö (n(l)(2 U)
X <
<5 a)n (3 U)
2:59
> d3 + other terms 
U = 0
where the fact that n^^ (2 l) = n ^ ^ (2) when the external potential
U is zero has been used. The PY approximation is obtained by
neglecting terms higher than the first derivative, and so is 
essentially a low density approximation. More powerful approximations 
may be obtained by including second order terms (Verlet, 1964) although
3 5 .
t h i s  p rocedure  in t r o d u c e s  t r i p l e t  d i s t r i b u t i o n  f u n c t i o n s .
The f u n c t i o n a l  d e r i v a t i v e  must be e v a l u a t e d .  We have 
u /  kT
d n ( l ) ( 2 U) e 12 Ul / RT
Ö n ^  (3 U)
6_ ( g 2 - r 3) +
+ n( l ) (2  U) ^
u12/kT
<5n( l >(3  U)
where Ö_ (R^ -  R~) i s  th e  D i rac  ( 5 - f u n c t i o n .
The d i r e c t  c o r r e l a t i o n  f u n c t i o n  i s  now d e f in e d  by
(5u12A t
Ö n A  (3  u)
c (2 ,  3)
U = 0




I f  eqn.  2:60 and eqn.  2:61 a r e  s u b s t i t u t e d  i n t o  eqn.  2 :59 ,  t h i s
g ives  f o r  t h e  PY approx im at ion  
4.2) enU ) (2
h / kT ( 1 ) ,  ,n (2)  + ( D , ,  i U ) fhin (3 u 13) - n \ 3)
( 1 )n (2) c( 2,3)  d3 . 2:62
Using th e  d e f i n i t i o n  of n ^  (2  U12) , eqn.  2 :5 8 ,  t h i s  g ives  on 
r e - a r r a n g i n g  s l i g h t l y
u i / kT / (1)
g ( l , 2 )  e = 1 + / d3 n 4  3) ( g ( l , 3 )  - l )  c (2 ,3 )  . 2:63
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It can be shown (Rice and Grey, 196b) that defining c(2,3) by eqn. 
2:61 leads to the same direct correlation function as that introduced 
by Ornstein and Zernicke, eqn. 2:30. If this is used with eqn. 2:63 
the PY approximation is obtained in the form
'i:
c(l,2) = g(l,2) (1 - e
u.ykT
) 2:64
An integral equation for either c(l,2) or g(l,2) is obtained by 
eliminating the appropriate function between eqn. 2:30 and eqn. 2:64. 
The HNC approximation is obtained by treating the functional
U)log n (2 U) eV kTi in a similar fashion.
2:6 The Potential Function
As was stated at the beginning of the chapter, it is assumed 
that the particles are interacting through two-body central forces. 
It is standard practice to assume some model for the intermolecular 
potential function. The simplest is the hard sphere model, in 
which the intermolecular potential is defined by
u( r) = oO , r ^ R 2:6b
= 0 , r ^ R
Although this model is not a good representation of real molecules, 
it has the merit of mathematical simplicity. Thus Wertheim (1963, 
1964), Theile (1963), and Baxter (1967a) have all obtained an exact 
solution to the PY equation using this potential.
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The first improvement on the hard sphere model is the square 
well potential, defined by
u(r) = <*> , r z R1
iiiGTTo
R i z r Z 2:66
cy ii o R2 z r
This has the merit of allowing for the presence of attractive forces 
between the molecules. Levesque (1966) has obtained numerical 
solutions to the PY and HNC equations using this model.
More realistic models include the Kihara potential (Kihara, 1953) 
which has a hard core and a theoretically-good r attractive tail. 
There are disadvantages in this model, mainly that it is unlikely 
that real molecules have completely repulsive cores. Although Throop 
and Bearman (1966a) have used a similar potential when studying the 
two-component PY equation, no serious work has been done on the one 
component PY and HNC approximations using this model.
Guggenheim and McGlashan (i960) have obtained a potential model 
applicable to argon. It is a three part potential, defined by
38.
For other regions a free-hand curve was drawn. The parameters in the 
potential were chosen to obtain good agreement with the experimental 
thermodynamic properties of argon. Khan (1964) has used this 
potential along with the PY approximation.
One of the simplest and more versatile potential models is the 
Lennard-Jones 12-6 potential (Lennard-Jones, 1924). This is defined 
by
u( r) = 4





The parameter £  measures the depth of the attractive well in the 
potential, whilst (j is an estimate of the diameter of the molecule. 
A full account of the methods of obtaining £  and , from either
the second viriai co-efficient or the transport properties of the gas, 
is given by Hirschfelder, Curtiss and Bird (1904). It is sufficient
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to say that this potential gives an adequate representation of the 
behaviour of a wide range of gases. This potential was used by 
Broyles and his co-workers (1961-62), Khan (1964), Kline and Green 
(1963), De Boer et al. (1964), Throop and Bearman (1966) and 
Levesque (1966) in their studies of the PY and HNC approximations. 
As this potential gave a considerable amount of information about 
these approximations at higher temperature, it was chosen ^ oruse in 
the work reported here.
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CHAPTER 3
METHODS OF SOLVING THE PY AND HNC EQUATIONS
The previous chapter discussed in detail the derivation of the 
PY and HNC approximations. If one of these approximations is 
combined with the Ornstein-Zernicke equation defining c( r) in terms 
of g(r), then an integral equation for either of these functions may 
be obtained. As the normal method of solving the integral equations 
(Broyles, 1960) was inadequate near the liquid-vapour co-existence 
curve, an improved method of obtaining solutions needed to be 
developed. The major part of this chapter describes in detail the 
improved numerical procedure used by the author (Watts, 1968).
Before discussing this method it is worth examining the major defects 
in previous numerical methods of obtaining solutions to the PY and 
HNC equations.
3:1 Iterative Procedures
Previous to the work described here, solutions to the PY and 
HNC equations were obtained using direct iterative procedures.
Two types of procedure were used, the one developed by Broyles (i960) 
being applied mainly to the PY equation, and the other, described by 
De Boer et al. (1964) being used for the HNC equation.
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As was shown in chapter 2, the PY approximation may be written
/ s / u(r)/kT\ , vc( r) = (1 - e ) g (r) . 3:1
The integral equation for g(r) is obtained by combining eqn. 3:1 with 
the Ornstein-Zernicke equation
h(r) = c(r) + n f d s h (r - s) c (s] . 3:2
If c(r) is eliminated between eqns. 3:1 and 3:2, and the angle 
integrations performed, then the following integral equation is 
obtained :
y(r) ds dt ( 1 - e'u(t)/kT) y (t)
y ( s + t) e S+ + sgn (t-s) y (I t-s| )
-u( |t— s I)/kT 
e - 2t 3:3
where
and
y( r) = r g( r) e r^/kT 
sgn (t - s) = -1, t «= s; = +1, t 2 s .
Several groups have studied the PY equation in this form, 
including Broyles (1961) , Broyles, Chung and Sahlin (1962), Khan 
( 1964a, b), Khan and Broyles (1965), Throop and Bearman ( 1966b) and 
Levesque (1966). The numerical method used by these workers was
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developed by Broyles (i960), described in some detail by Throop and 
Bearman (1966a), and was based on the iteration of a trial solution 
to eqn. 3:3. The two defects particularly responsible for the 
inadequacy of this method in the region of the co-existence curve 
will be discussed here.
The first defect of Broyles' procedure is concerned with the 
iterative process itself. An initial guess at the radial distribution 
function is used to calculate the first trial solution to eqn. 3:3, 
y^  °^  ( r) . This guess is inserted into the right hand side of eqn.
3:3 and the integrations performed numerically to give the first 
improved guess y ^ ^ (r). This guess is used in a similar fashion to 
give y ^  (r) , and so on. Ideally, this procedure converges to give 
a solution to the equation. In practice, it has been found that 
straight iteration in this way does not result in convergent guesses, 
and to overcome this defect a mixing constant, x, is introduced.
The (n+l)th input guess is then obtained using the rule
y(n+1)in (1 - x) y^  + xy[nout out 3:4
the value of x being chosen to give convergent guesses. It was found 
(Throop and Bearman 1966a) that the value of x increased steadily with 
density, and that at the same time the number of iterations required
before convergence could be assumed rose also. This point is
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demonstrated in Table 3:1. For comparitive purposes Table 3:1 
also gives the values of the reduced densities of some typical 
fluids at atmospheric pressure. It can be seen that the iterative 
process is slowly convergent at liquid densities, and so is somewhat 
inefficient in this region.
TABLE 3:1
Mixing constants, density and iterations for convergence.
*rn 0,191 0.382 0.477 0.573 0.716
X 0.5 0.5 0.6 0.7 0.8
Its 10 20 35 50 100
(Throop and Bearman, 1966a)
%■n for simple liquids at atmospheric pressure:
Ar Kr Xe C6H6 CC14
n*~ 0.835 0.730 1.089 1.104 1.274 1.262
T°A 87.0 120.1 164.0 293.0 293.0 293.0
The second defect in this procedure is more important than the 
one described above. In any numerical procedure used to solve an 
equation such as eqn. 3:3 it is necessary to truncate the infinite 
integral beyond some range R. It is readily seen from eqn. 3:3 
that if this is done, the term in (s + t) requires a knowledge of 
y(r) , and hence of g(r), beyond the range R. As no exact solution
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is available, some asymptotic form must be assumed beyond’this range. 
It is normal to assume g( r) = 1 for this region, and to make R 
large enough for this assumption to be reasonably valid. It is 
unfortunate that in the region of the co-existence curve g(r) is 
very long ranged, and the asymptotic assumption becomes invalid.
This defect of Broyles' procedure - which is inherent in using 
the equation in the form 3:3 - can lead to errors in the calculated 
thermodynamic properties of 15% and greater.
The method used by De Boer et al. (1964), Kline and Green (1963) 
and Levesque (1966) to solve the HNC equation was somewhat different 
from that described above. Equation 3:2 contains a convolution 
integral, and so if Fourier transforms are taken, we obtain,
c (k)
h (k) 3:5
1 - n c (k)
where c( k) and h( k) are the Fourier transforms of c(r) and h(r).
For uniform fluids we can write
c (k) dr r c( r) sin kr 3:6
and
h( r) = sin kr 3:7
o
Starting with an initial guess, h°(r), for the indirect correlation
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function, the first approximation to the direct correlation function 
was obtained from the HNC approximation,
c( r) = h( r) - log (g( r)) _ u( r) / kT . 3:8
Using eqns. 3:6, 3:5, and 3:7, in that order, a first improved 
guess for h(r) was obtained. Iteration was continued using the 
cycle (3:8— ^3:6— ^3:5— ?3:7 ) until the convergence criterion 
was satisfied. Again, the number of iterations needed to obtain 
convergent solutions increased markedly close to the liquid-vapour 
co-existence curve, making the method somewhat unsatisfactory in 
this region.
It is evident from this brief outline of the two iterative 
methods that some alternative procedure for obtaining numerical 
solutions to the PY and HNC equations is required. In particular, 
it would be desirable to remedy the poor convergence in the critical 
region, and the restriction of having to assume an asymptotic form 
for g(r). Later in this chapter a numerical procedure capable of 
improving the convergence rate around the co-existence curve will 
be examined. Before this, however, it will be shown how the long 
range assumption on the form of g(r) can be removed.
3:2 Baxter's Equation
The numerical procedure used to solve the PY and HNC equations
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was based on a form of the Ornstein-Zernicke equation derived by 
Baxter ( 1967a). For a uniform fluid Baxter has shown that provided 
c(r) vanishes beyond some range R, and provided the integral
h (r) 3:9
is absolutely convergent, then the Ornstein-Zernicke equation,
eqn. 3:2, may be written so as to depend upon the values of c(r)
and g( r) only over the range (0, R). This is of great value when
solving the PY and HNC equations, for it removes the necessity to
assume some asymptotic form for g(r). The equation derived by
Baxter from the Ornstein-Zernicke equation has the form
r s
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where H(r) = rh(r), C(r) = rc(r), R is the range beyond which c( r) 
vanishes, and the function W(s, t) is given by the antisymmetry 
relation




W(s, t) du H(u) J dv H( v)
s-t-ul
s ^ t .
It is at once apparent from this that only those values of c(r) and 
h(r) in the range (0, R) need be considered when solving the 
equation. One important advantage obtained is that the effect of 
the long-range part of g(r) on the thermodynamic properties of the 
fluid may be examined. As the values of g(r) beyond R do not have 
to be considered, this may be done by altering R.
The assumption that the integral 3:9 is absolutely convergent 
is true for all disordered fluids, but the other assumption, that 
c( r) = 0 for r iR, requires further examination. Equation 3:1 
shows that for the PY approximation when the intermolecular potential 
function is zero, then so is c(r). Thus if we define an 
intermolecular potential function such that u( r) = 0  beyond some 
range R, then the PY approximation exactly satisfies both assumptions. 
This is not so for the HNC approximation. Equation 3:8 shows that if 
the intermolecular potential vanishes beyond some range R sufficiently 
long for h( r) to be small, then the condition c( r) = 0 is satisfied 
provided we are willing to neglect terms of the order h^(r) / 2.
This assumption is less drastic than that of neglecting terms of order
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h( r ) , which is necessary when using the original Ornstein-Zernicke 
equation. In the region of the critical point, where g(r) becomes 
very long ranged, this assumption could introduce errors into the 
results, although it is unlikely that these errors would alter the 
general conclusions as to the validity of the HNC approximation.
In section 2:6 the problem of deciding upon a suitable model
for the intermolecular potential function was discussed, and it
was concluded that the Lennard-Jones 12-6 potential gives a
reasonable interpretation of the behaviour of real fluids.
Accordingly, the potential functions used'in conjunction with the
PY and HNC approximations were defined by
1 :
I \
l—  V I
u( r) = 0
with R taking the values 3.5(J, 5 . 00, and 6.0 0  . As it was
-3
found that c( r) was invariably less than 10 beyond 3.0 Cf , it 
was assumed that the condition c(r) = 0 was satisfied by the HNC 
equation. This condition was satisfied exactly by the PY equation 
with the potential defined in this way.
In the remainder of this thesis the temperature will be given 
by the reduced variable T = k T / ^  , and the density by
u(r) = 4 0 O l - ]
6 -
\ T  1 -
, r ^  F
, r ^  R
3:11
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( J  , where £  and (J are the Lennard-Jones parameters
3:3 The basic numerical procedure.
At this stage a new form of the Ornstein-Zernicke equation, 
eqn. 3:10, has been introduced, and the conditions that must be 
satisfied if it is to be used discussed.■, The numerical
procedure used to solve the equations must now be described. The 
two approximations were used separately to define a function p(r) 
in terms of c(r) and g(r), and this function substituted into 
Baxter's equation in place of the distribution functions. For 
the PY approximation p(r) was defined by the relations
-u(r)/kT
r) = e p( r)
c(r) = (e u(r)/kT _ j_) p( r) , 3:12
which are equivalent to eqn. 3:1. Similarly, the HNC approximation 




c(r) = h(r) - log p( r) , 3:13
which are equivalent to eqn. 3:8. After substituting eqn . 3:12 
or eqn. 3:13 into eqn. 3:10 the equation was solved for p(r), and 
c( r) and g( r) calculated from either eqn. 3:12 or eqn. 3:13'.
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The numerical procedure used to solve eqn. 3:10 for p(r) was 
relatively straightforward mathematically, but more complicated as 
a computer programming problem. After substituting p(r) into 
eqn. 3:10, the integrations were replaced by trapezoidal 
approximations. Although this is the simplest of the numerical 
integration rules, it was found that if a more sophisticated rule 
was used it became almost impossible to program the problem 
efficiently for the computer. Applying the trapezoidal rule 
gives the following set of non-linear simultaneous equations :
1 3-1
Di ■ ci - Hi £  hj £  \  V k
3=2 k=l
N
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ik 1, N , 3:14
"twhere C is the value of C(r) at the j point, similarly for H-,
j J
and both C and H are replaced by the equivalent functions 
calculated in terms of p(r), using either eqn. 3:12 or eqn. 3:13.
jl is given b y ^ / . = 2 7 T  n ( 5 ^  where (3 is the step size in 
the trapezoidal grid, and the parameters e ^  are given by
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e. . - l/2 when i = j ; = 1 otherwise, ij
W is given by the antisymmetry relation W + W = 0  alonq withjk Jk }cj
j-1E j- k-p£^  P 1 IP=1 q=|j-k-p e' H , j => k , q q ’ J ’
where
e' = i/2 if q q j-k-p
1 otherwise.
or j- k-p
As the expected value of is zero, the problem is now 
reduced to one of solving the vector equation
D = 0, where D = (D^ ....  , D^) , 3:15
for the functions p^ , j=l, ..., N. The method used was a 
modification of Newton’s method (Margenau and Murphy, 1956) for 
finding the roots of equations. If Ap = jA ^  ~ JSl ^  is the 
difference between the exact solution and a first approximation 
to the roots of eqn. 3:10, then the equation may be expanded in a 
Taylor's series about the point jA ^  to give
0 = D(jo^ ) = D (jA ^ A  + A . A p + 0 (A p . A p ) , 3:16
where A is the N x N derivative matrix with terms
/ d  D. \A = _____ I
ij Ö Pi -\ u / £  - £
3:17
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Ignoring powers of lA  p beyond the first, and using the fact that 
D (jo^ )^ = 0, eqn. 3:16 gives an expression for Ap ,
Aß = -A"1 . D (£(1)) 3:18
A first improved guess for jo is then obtained by putting
jo^ ^  -  £^ ^  + A p  , and the cycle is continued until some suitable
convergence criterion (see below) is satisfied.
To calculate solutions efficiently using this method it is 
necessary to have good initial guesses for the functions jo. The 
procedure used by the author was as follows: on any isotherm at low 
densities the zero density solution p(r) = 1.0 was used as an initial
guess, usually for a solution at n^ = 0.05, but occasionally for
*n = 0.1. After obtaining a good solution at this density, the 
solution for the next density (0.1, say) was found using the 
solution at n = 0.05 as a starting point. To obtain a good guess 
for the next density, a linear extrapolation from these two densities 
was used. Thereafter, good initial guesses were obtained by using 
a quadratic extrapolation from three previous solutions. The 
computer program was able to use any step size in density found 
convenient. On isotherms below the critical temperature, where 
there was a region of densities in which there were no solutions to 
the equation, a starting point on the high density branch of the 
isotherm was obtained from a similar solution on a neighbouring
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isotherm.
One of the more important improvements introduced by using 
this type of procedure to solve the equations is that the number of 
iterations required to obtain satisfactory solutions is small, 
usually between four and eight, regardless of the distance from 
the co-existence curve.
3:4 The Derivative Matrix
Although for the purposes of discussing the behaviour of the 
PY and HNC approximations the derivative matrix is of little 
importance, it is the most complicated part of the computer program 
to write. For this reason a short account of three methods tried 
to obtain the most efficient use of this matrix will be given.
Initially the problem of calculating the derivative matrix was 
solved by using a numerical approximation. The term A —  was 
calculated using the rule
It was found that the matrix obtained using this rule was sufficiently 
accurate for convergence to be reached within four or five iterations. 
To reduce the computing time needed the matrix A was calculated once 





a l l  t h e  subsequen t  i t e r a t i o n s  a t  t h a t  d e n s i t y .
The second method used was based on th e  exac t  d e r i v a t i v e  
m a t r i x .  Equa t ions  3 :14  were d i f f e r e n t i a t e d  e x a c t ly  w i th  r e s p e c t  
to  Cj and H ^  , and th e  term A c a l c u l a t e d  u s ing  th e  r u l e
ÖD b  y  Ö C .  ö  D_ H .
a = --------- = _____ i  _____ 1 -f _____ i _____ 1 g . o i
i j  ö p .  Ö C .  ö p .  DH.  Ö P j
This  was found t o  be much more e f f i c i e n t  to  use  on t h e  computer,  
bu t  c o n s i d e r a b l y  more d i f f i c u l t  t o  program than  t h e  numerical  
a p p ro x im a t io n .  The number of i t e r a t i o n s  r e q u i r e d  b e fo re  th e  
convergence c r i t e r i o n  was s a t i s f i e d  remained u n a l t e r e d .  Again,  
t h e  m a t r ix  was c a l c u l a t e d  once f o r  every d e n s i t y ,  and th e  
i t e r a t i o n s  performed h o ld in g  th e  i n v e r s e  m a t r ix  c o n s t a n t .
E v e n t u a l l y  i t  was dec ided  to  t r y  h o ld ing  th e  i n v e r s e  m a t r ix  
c o n s t a n t  f o r  s e v e r a l  d e n s i t i e s .  The m a t r ix  was c a l c u l a t e d  and 
i n v e r t e d  a t  one d e n s i t y  and i t e r a t i o n s  a t  t h a t  d e n s i t y  con t inued  
u n t i l  t h e  convergence  c r i t e r i o n  was s a t i s f i e d .  This  i n v e r s e  was 
then  used  as an e s t i m a t e  f o r  th e  i n v e r s e  d e r i v a t i v e  m a t r ix  of a 
second s o l u t i o n ,  and i t e r a t i o n s  commenced a t  th e  new d e n s i t y .  The
m a t r ix  was r e c a l c u l a t e d  when th e  maximum va lue  of Di/] was
g r e a t e r  th a n  0 .005 and a t  th e  same t ime was not  a t  l e a s t  ha lved  
d u r ing  an i t e r a t i o n .  Although t h i s  r e s u l t e d  in  more i t e r a t i o n s
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being required before convergence could be assumed (8-12 iterations) 
it was much faster on the computer. For example using 120 points 
in the grid, the 120 x 120 matrix was calculated and inverted in 
around 8 minutes, wheras the vector D was calculated in about 5 
seconds. The average number of solutions obtained from any matrix 
was between three and four, sometimes being as large as six. Thus 
a solution was obtained in around three minutes using this device.
In no case, in this work, was a solution accepted if it was not 
obtained within twenty iterations.
3:5 The Errors in the Solutions
The errors involved when solving an equation such as 3:10 
numerically can be considerable. Usually numerical solutions to 
the PY and HNC equations contain three sources of error. In all 
previous work a possible source of error has been the necessity to 
assume some asymptotic form for the radial distribution function. 
This source is completely removed if the PY approximation is used in 
conjunction with eqn. 3:10. As was pointed out earlier, this 
error is still present in the HNC results, but is possibly 
diminished. The importance of this error is difficult to estimate, 
but in view of the differences between the author's thermodynamic 
quantities, and those reported by De Boer et al. (1964), Levesque 
(1966), and other groups, it would seem to be particularly important 
in the region of the co-existence curve.
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A second source of error in the method described here is 
introduced by the convergence criterion. Using the Newton 
procedure described above the values of the differences, D^, become 
steadily smaller. As it is not possible to continue until all 
these differences are zero, a decision must be made at some stage 
to stop the iterative procedure. The following criterion was 
used. A residual was defined for the non-linear equation by
R . 
J 5
where (j is the grid size used in the trapezoidal approximation.
The factor of j x , which is effectively rj, was introduced because
the values of c^ and hj in eqn. 3:14 are multiplied by r^.
Convergence was assumed when the maximum value of R^ was less than 
10 . The effect of this convergent criterion on the accuracy of
c( r) and g(r) is indicated in table 3:2, where the maximum R^ at 
convergence, the number of iterations required to obtain convergence, 





























As well as showing the usual number of iterations needed to solve 
the system of non-linear equations, this table indicates that the 
solutions jo obtained are accurate to at least four decimal places. 
It should be emphasised that although these are excellent solutions 
to the system of equations 3:14, the errors introduced by the 
trapezoidal grid will make them somewhat more uncertain as 
solutions to eqn. 3:10.
The errors introduced by using a trapezoidal approximation are 
less easily determined. All of the results reported in later 
chapters were obtained using a step size in r of 0.05 CT . To 
test the adequacy of this size mesh, some solutions to the PY 
equation were obtained using a grid of 100 points over the range 
(0, 3.5 (3 ). The grid size of 0.035 produced no great 
alteration in the values of the isothermal compressibility 
calculated from the solutions, as is shown in table 3:3.
TABLE 3:3
Inverse Compressibilities for 70 and 100 points.
T* = 1.3 , r* = 3.5Ö"






As can be seen, a grid size of 0.05 (J produces values of the 
inverse compressibilities which are accurate to three decimal places. 
This was thought to be sufficiently accurate to be acceptable. It 
is also worth noting that this conclusion was reached by Throop and 
Bearman (1966, a, b), who also found that a grid size of 0.05 Q 
gave good results.
The overall conclusion reached from these considerations is 
that the solutions reported by the author are accurate to the order 
of 0.1%. This is more than sufficient to enable valid comparisons 
to be made between the results of using different truncation points 
for the potential, the two approximations, and between these results 
and those published by previous authors.
3:6 Concluding Remarks
This chapter began by describing the iterative procedures used 
by previous workers to solve the PY and HNC equations. It was shown 
that the two most important defects of these methods were the 
necessity to assume a long range form for g(r) and the slow 
convergence of the numerical procedures in the region of the 
liquid-vapour co-existence curve and at high densities. The first 
defect was overcome by using a form of the Ornstein-Zernicke 
equation derived by Baxter (1967a). This enabled self-consistent 
solutions to the PY equation to be obtained provided the
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intermolecular potential function vanished beyond some range R.
For the HNC equation, the truncation errors introduced by using 
Baxter's equation were of the order of h^(r)/2, provided h(r) 
was small, whereas the previously used procedures introduced errors 
of the order h(r).
By using a modified Newton procedure to solve the equations, 
the problem of slow convergence near the co-existence curve was 
solved. In general, convergent solutions were obtained within four 
to six iterations, when the derivative matrix was calculated once 
for every solution. In the later versions of the computer 
program, where the matrix was held constant over several solutions, 
the number of iterations needed to satisfy the convergence 
criterion was somewhat higher. In no case was a solution accepted 
if it was not obtained within twenty iterations.
An analysis of the accuracy of the solutions led to the 
conclusion that the trapezoidal approximation was the most likely 
source of errors. It was shown that in general the solutions are 
accurate to 0.1$, and that they could be used satisfactorily to 





Having developed a considerably more efficient numerical 
procedure for solving the PY and HNC equations, we are now able 
to make a thorough study of their behaviour in the region of thp 
liquid-vapour co-existence curve. In this chapter, a detailed 
account of the behaviour of the Leonard-Jones fluid, as predicted 
by the PY approximation, will be given. It will be shown that 
the PY equation predicts a gas-liquid phase change at which the 
compressibility becomes infinite. Further, the effect of the long 
range part of the approximation on the thermodynamic properties of 
the fluid will be examined by solving the equation using the 
potential 3:11 truncated at 3.5 Ö  , 5 . 0 Cf and 6.0 ($ . We
begin by introducing the two-valued behaviour of the PY 
approximation when used in conjunction with equation 3:10.
4:1 Solutions to the Equations.
Using the PY approximation in conjunction with Baxter's 
equation enables the critical point of the fluid to be determined. 
The behaviour of the equation around the critical point is best 




function p^, which is effectively -c(0), is plotted against n 
for several values of the reduced temperature. From this 
diagram it can be seen that the critical point is a saddle 
point in the n -c(0) plane. A further feature of interest 
is the fact that at temperatures above the critical temperature 
the equation is at least two-valued for all densities in the
Hf-
range n = 0, 0.6. Below the critical temperature the equation 
is two-valued at some densities, but apparently has no solutions 
at others.
It is worth describing the manner in which those isotherms
having a turning point were traced. The curve was followed from
zero density by increasing the density, extrapolating from
previous solutions, and iterating in the manner described in
chapter 3. When the turning point was over-run, the iterations
failed to converge, and the function _g usually diverged to extremely
60large values (e.g. + 10° ) within four or five iterations. 
Essentially there were (N + 2) variables to be estimated in any 
solution to the equation. As there were only N equations for these 
quantities, two had to be fixed - usually the density, n , and 
the temperature T . In the region of the turning point, however, 
the two variables T and p^ were held constant, and solutions were 
obtained as follows. The function p^ was incremented by a fixed
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quantity. Then an initial guess for the variables 
(rr , ... p ) was obtained by extrapolating in the usual way
from three previously obtained solutions. The system of equations
3:14 was then solved for the variables (n , p^ »... p^) using the
modified Newton procedure described in section 3:4. As n was 
now to be estimated the matrix terms b  D^/ c) p^ were replaced 
by Ö  D./ n . Once the turning point had been defined -
usually a matter of some ten solutions - the previous procedure of 
extrapolating in n and solving for (p^ ,... p^i could be restored 
As can be seen from fig. 4:1, on the upper part of one of these 
isotherms, e.g. the one labelled A, the density was reduced at 
each extrapolation rather than increased. Above the critical 
density a starting point on an isotherm below T was obtained
from a solution on one of the continuous (in n ^  ) isotherms, and 
extrapolation towards low densities used. For example, the 
solution at D on fig. 4:1 could be obtained from the point C.
Usually the initial guess was obtained at n = 0.6. The turning 
points were traced using the method outlined earlier in this section
The turning points could be outlined very accurately using this 
method. A solution could be obtained within five iterations at 
some density, on the turning point, and yet if the density was 
incremented by 0.0001 the numerical procedure was unable to find a
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solution - the values of jo became very large, as did the size of 
the maximum error. To determine whether or not more solutions to 
the equation existed the isotherm T = 1.2 was followed, at low 
densities, up to = 7b. Although at this point the curve was 
rising practically vertically, there did not appear to be any 
other turning points. Thus it seems likely that only two 
solutions exist, but the possibility of there being others cannot 
be excluded.
The behaviour of the isotherms displayed in fig. 4:1 enables 
us to determine which of the solutions are physically meaningful.
To make this decision we first note that at temperatures above 
T c the branch of the isotherwpassing through the point 
p^ = 1.0, n = 0.0, must be chosen as being physically meaningful. 
This point represents the zero density solution to the equation,
g( r) exp - u(r) / kT At temperatures below the critical
temperature, and at low densities, a similar decision is made.
Those solutions lying between p^ = 1.0, n = 0.0, and the turning 
point must be taken as physically meaningful. To determine the 
physical solutions at low temperatures and at densities above the 
critical density we make use of the existence of the critical point. 
As is well known (Prigogine and Defay, 1954) the existence of a 
critical point makes it possible to pass from one physical state to
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another without observing the appearance of the new phase.
Starting at point A on fig 4:1, the temperature is raised, holding 
the density constant, to bring the system to point B. The density 
is now raised isothermally until it is higher than the critical 
density, at point C. If the system is now cooled at constant 
density it reaches point D, in the liquid region, without noticing 
the appearance of this phase. Thus at high densities and low 
temperatures those solutions having the lower value of p^  are 
chosen as being physically meaningful.
Before leaving this section the effect of altering the range 
of the potential must be considered. It was found that on 
increasing the range of the potential the appearance of the plots 
corresponding to fig. 4:1 remained much the same. There was a 
general tendency for the physical and non-physical isotherms to 
come closer together, but no great alterations were observed. It 
was found, however, that the critical temperature was sensitive to 
changes in the range, although the critical density did not alter 
appreciably. These two features will be discussed at greater 
length in the section on the thermodynamic properties, section 4:4.
4:2 The Distribution Functions.
One of the principal advantages obtained by using the direct
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correlation function instead of, the radial distribution function 
is that the former is significant over a considerably shorter 
range than the latter. This is demonstrated by the behaviour 
of the two functions at the critical point. The compressibility 
of the fluid, K , is given by
KT d r h(r) 4:1
which is equivalent to the formula









It may be shown that eqn. 4:1 and eqn. 4:2 are equivalent if the 
Ornstein-Zernicke equation is used to connect h(r) and c(r). We 
can write
h (0) = lim
k —> 0
which for a uniform fluid gives
d r  h( r) exp | i Jc . r j
Also
h (0) h(r)
h (0) c (0) / 1 - n c (0)
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from the Ornstein-Zernicke equation (see eqn. 2:31). 
Substituting this in eqn. 4:1 gives
n c (0) 1Kt = 1 + __________  = __________
l - n c ( O )  l - n c ( O )
-1
K = l - n c ( O )  = 1 - n
T
d r  c( r)
which is the required result.
At the critical point, K-j- becomes infinite, which implies 
from eqn. 4:1, that the integral
4:4
is divergent. Thus h(r) cannot tend to zero rapidly, and it 
follows that g(r) must be long-ranged. On the other hand if






from which it follows that c(r) must be relatively short ranged. 
As was seen in the previous chapter, the PY approximation gives 
c(r) = 0 outside the range of the intermolecular potential
function.
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The short ranged behaviour of c(r), and the long ranged 
behaviour of g(r), are compared on fig. 4:2. This figure shows 
plots of c(r) and g(r) for both physical and non-physical solutions 
at T ^  = 1.2, n7^  = 0.6, R = 3.b Cf . Consider first the 
direct correlation function. It can be seen from this figure 
that although the areas under the two curves differ considerably, 
they are both very short ranged. In particular, it is of interest 
that both curves have practically vanished at a distance of 2 Cf. 
This behaviour resembles that of the experimental direct 
correlation functions for argon, reported recently by Mikolaj and 
Pings (1967). This resemblance will be discussed more fully in 
a later chapter, where the calculated properties of argon, 
obtained from the PY equation, will be compared with the 
corresponding experimental quantities.
Whereas the two direct correlation functions are considerably 
different within the repulsive region of the potential, but are 
practically indistinguishable beyond the potential well, the 
behaviour of the two radial distribution functions is the reverse. 
Within the strongly repulsive core of the molecule g(r) is zero, 
for both physical and non-physical solutions. The first maximum 
is practically coincident with the minimum in the intermolecular 








non-physical solution is considerably more than that of the physical 
solution. Another point of interest is the long-range behaviour 
of the two solutions. Note that the non-physical curve shows no 
sign of converging on g(r) = 1, and in fact would appear to be 
diverging from this value. The physical curve appears to have 
the correct asymptotic behaviour, although it is still periodic in 
character. It should be noted that the behaviour of the 
non-physical curve is not at all in keeping with the asymptotic 
assumption g(r) = 1, which is necessary if Broyles' procedure is 
to be used.
Before leaving this section, it should be noted that the 
behaviour of the four curves displayed in fig. 4:2 is typical of 
all the others found. In all cases studied for the PY 
approximation the direct correlation function was extremely 
short-ranged, even at quite high densities. The non-physical 
curves for g( r) were never as well behaved asymptotically as the 
physical curves, although at low densities they appeared to 
converge on g(r) = 1.
4:3 The Thermodynamic Functions.
In principle, it would be possible to calculate all the 
thermodynamic data for the Lennard-Jones fluid, once we have
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calculated the radial distribution functions. To obtain 
functions such as the free energy and entropy, however, would 
require integrations with respect to density. At temperatures 
below the critical temperature there is a range of densities in 
which there are no solutions to the PY equation. Consequently, 
the thermodynamic functions cannot be obtained in a consistent 
fashion for the condensed phase at these temperatures. For 
this reason this chapter will only consider the equation of 
state of the fluid as predicted by the PY approximation. In 
chapter 6, where the ability of this approximation to predict 
the properties of argon will be considered, values of the free 
energy and entropy will be reported, along with other 
thermodynamic data, for temperatures above the critical 
temperature.
Before reporting values of the thermodynamic functions, the 
equations relating them to g(r) and c(r) , discussed in detail in 
chapter 2, will be summarised. The compressibility of the 
fluid, , is given by ^
2 / \r c( r) dr 4:6
where K_^  is given by equation 4:3. The equation of state of the 
fluid may be calculated in two ways. Firstly the pressure
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obtained from eqn. 4:6 by integrating through densities, the
"compressibility" pressure, may be obtained from an equation
recently derived by Baxter (1967b). Baxter has shown that
in the context of the PY approximation the compressibility
equation of state is given by
oO
















r c( r) sin (k r ) dr
4:7
is the Fourier
transform of c(r). The use of this expression enables the 
compressibility pressure of the PY approximation to be obtained
in the condensed phase. Previously this was unobtainable as
-1it involved integrating KT through densities, and there were
no solutions at some densities.
The second method of obtaining the pressure -volume relation 
of the fluid is to use the "virial" equation of state. As was 







g( r) dr 4:8
The agreement between the equations of state obtained from 
eqn. 4:7 and eqn. 4:8 is a measure of the internal consistency 
of the approximation.
This chapter is intended to discuss the general behaviour 
of the PY approximation in the critical region. It will report 
on the behaviour of the compressibility and the two equations of 
state in this region. To enable this to be done, solutions to 
the equation were obtained for the reduced temperatures shown in 
table 4:1. This table also indicates the range at which the 
potential was truncated.
TABLE 4:1
Isotherms studied for PY approximation.
R T
3.5 CT 1.200 1.263 1.275 1.300
5.0 Cf 1.300 '1.310 1.350 1.400
6.0 g T 1.300 1.315 1.325 1.400
In addition, results were obtained for T = 1.400, 1.500 
and 2.000 for R = 3.5 Cf, for use in chapter 6 when comparing the 
results with the experimental properties of argon.
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It was found that the critical constants predicted by the PY 
approximation were dependent upon the range at which the 
intermolecular potential function was truncated. To demonstrate 
this, the critical constants for the three ranges considered are 
reported in table 4:2. This table shows clearly that the 
critical temperature is particularly sensitive to the range of 
the attractive part of the potential function, whereas the 
critical density is somewhat insensitive.
TABLE 4:2
Critical constants from the PY approximation.
*Range Tc nc
3.5 1.275 0.268
5.0 (f 1.305 0.276
6.0 Cf 1.315 0.280
Error + 0.005 + 0.0Q2
It is not at all surprising that the critical constants increase 
with increasing range of the potential. Both the critical 
temperature, and to a certain extent the critical density, would 
be expected to respond positively to increasing attractive forces 
As the critical temperature of a fluid is determined by the
relation between the kinetic forces and the intermolecular forces
73.
increasing the attractive part of the latter would increase the 
cohesion between molecules, and so would tend to expand the 
temperature range of the condensed phase.
The behaviour of the inverse compressibility of the fluid, 
as calculated from eqn. 4:6, is displayed in fig. 4:3 for 
R = 3.5 $  . It can be seen clearly from this figure that the 
compressibility tends to infinity at the critical point. This 
feature of the PY approximation is particularly pleasing, for 
this behaviour is typical of that displayed by real gases. The 
dotted curves on fig. 4:3 correspond to the compressibilities 
calculated from the non-physical solutions. They are included 
to demonstrate that the compressibility does in fact become 
infinite. As can be seen, the physical and non-physical 
compressibilities meet in a cusp at infinity. This behaviour 
was not observed for the HNC approximation, as will be shown in 
the next chapter.
Figure 4:4 is a plot of the equation of state of the fluid 
as calculated from eqn. 4:7 for a range of 3.5 Cf . This figure 
is extremely interesting, for it is very similar to the classical 
Van der Waals isotherms. It can be seen that the property of the 
compressibility becoming infinite at the critical point, and at 






relation which is very close to the experimentally observed 
behaviour of real fluids. The region enclosed by the broken 
line in this figure outlines the boundary of the region in which 
the PY equation has no solutions. It is unfortunate that no 
consistent method of obtaining the free energy of the fluid in the 
condensed state exists for the PY approximation. If it were 
possible to obtain this data, it would be a simple task to use 
Maxwell's rule to outline the liquid-vapour co-existence curve 
for the system.
The experimental equation of state for argon, for T = 1.3,
is also included in this diagram. These points correspond to the
generally accepted Lennard-Jones parameters, for argon, of
o
6*/k = 119.8A , Cf = 3.404A . The experimental data was taken
from a compilation due to Levelt (i960). As can be seen, even 
close to the critical density the experimental and calculated 
values are in good agreement. It is of interest to note that the
qcritical temperature of argon, 151 K, corresponds to T c = 1.260,
_ 3whilst the critical density 0.531 g. cm corresponds to
n = 0.316. As can be seen by comparing these figures with c
those reported in table 4:2, the critical temperature of the 
Lennard-Jones 3.5 (j fluid is very close to that of argon. The 
critical density of the fluid is considerably different from that
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of argon. Even so, the conclusion reached from this brief 
comparison is that the PY equation is able to give results in 
good agreement with those of real fluids. The comparison 
with argon will be pursued at greater length in chapter 6.
It remains to consider the general behaviour of the virial 
equation of state. This function is plotted for the 3.5 Cf 
potential in fig. 4:5. It is at once obvious that the virial 
compressibility shows no sign of becoming infinite at the 
critical point. Furthermore, the value of the virial pressure 
at any given temperature and volume is higher than that 
calculated from the PY compressibility equation, eqn. 4:7.
It follows that the virial pressure is in poor agreement with 
both the experimental data for argon and the generally observed 
behaviour of real gases in the region of the liquid-vapour 
co-existence curve. This conclusion remained valid for the 
longer ranged potentials.
Before discussing the effect of the long-range part of the 
PY approximation on the thermodynamic functions, a further check 
on the accuracy of the solutions will be given. Baxter's 
equation for the PY pressure, eqn. 4:7, is exactly that pressure 
obtained by integrating the inverse compressibility, calculated 








inverse compressibilities for T = 1.5 were integrated numerically, 
using Simpson's rule, with the results shown in table 4:3.
TABLE 4:3.
Pressure from equations 4:6 
ri*
and 4:7. T = 1.5








It can be seen that in general these two sets of figures a
in very good agreement. A similar result was found for 
T = 1.3, providing a further check on the accuracy.
These results, together with the behaviour of the compressibility 
near the co-existence curve, enhance the validity of the results 
reported in this chapter.
4:4 Long Range Effects of the PY Approximation
The previous section gave a general description of the 
thermodynamic properties predicted by the PY approximation for the 
Lennard-Jones fluid. Where relevant, it mentioned the effect of 
altering the range at which the potential was truncated, but did
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not consider the details of these modifications. In the 
remainder of this chapter the thermodynamic functions will be 
considered in more detail, particularly with reference to their 
dependence upon the range of the intermolecular potential 
function. To aid the discussion the number of tables of 
thermodynamic properties included in this section has been kept 
to a minimum, more extensive tables being included in Appendix B. 
As the effect of altering the range of the potential on the 
critical constants has already been examined (Table 4:2), we 
begin by considering the compressibility.
It was found that at the turning points in fig. 4:1 the 
compressibility factor became infinite, independently of the 
range of the potentials. As the co-ordinates of the turning 
points were dependent upon the range of u(r), it follows that
the compressibility must also vary with the range of u( r) .
-1This point is demonstrated in Table 4:4, where K is givenTXfor T = 1.3, for R = 3.5 0 " , 5.0 0 " and 6.00 " , over a range 
of densities. As can be seen from this table, the fluid 




-1 )kK for T =1.3. 
T
n* 3.5 O' 5.0 O' 6.0Cf
0.05 0.7042 0.6940 0.6919
0.10 0.4540 0.4333 0.4289
0.15 0.2572 0.2250 0.2182
0.20 0.1225 0.0772 0.0675
0.25 0.0576 - -
0.30 0.0600 - -
n 3.5 Cf b.OCf 6.0Cf
0.35 0.1237 0.0588 0.0456
0.40 0.2557 0.1894 0.1728
0.45 0.5189 0.4320 0.4128
0.50 0.9266 0.8298 0.8083
0.55 1.5423 1.4366 1.4129
0.60 2.4340 2.3205 2.2945
As an increase in the range of the attractive part of u(r) 
would lead to a smaller volume, as does an increase in pressure, 
this result is to be expected.
The compressibility pressure corresponding to the inverse 
compressibilities tabulated in table 4:4 is given in table 4:5.
This table provides additional information about the effect of







0.05 0.0424 0.0422 0.0421
0.10 0.0712 0.0702 0.0700
0.15 0.0888 0.0864 0.0859
0.20 0.0980 0.0937 0.0928
0.25 0.1023 - -
0.30 0.1050 - -
for T^ = 1.3.
*n 3.5 Cf b.OCf 6.0 Cf
0.35 0.1092 0.0964 0.0937
0.40 0.1183 0.1020 0.0985
0.45 0.1370 0.1165 0.1120
0.50 0.1715 0.1463 0.1408
0.55 0.2308 0.2004 0.1938
0.60 0.3264 0.2903 0.2824
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The observed pressure in a gas at any given volume is compounded 
of the ideal gas, or thermal, pressure, and a contribution due to 
the presence of molecular interactions. The pressure is a measure 
of the foree necessary to confine the gas to a given volume. 
Increasing the attractive range of u(r) results in the molecules 
of the system being drawn closer together. Consequently, the 
interaction part of the pressure will decrease. As the ideal
gas contribution to the pressure is constant for given values of
/ 9bthe volume (i.e. n ) and temperature, the observed pressure - 
i.e. that given in Table 4:b - is expected to decrease with 
increase in the attractive range of u(r). This effect is 
confirmed by examining the virial pressure as listed in Table 4:6.
TABLE 4:6.
Virial pressure for T = 1.3.
*n 3 . 5 c r 5 .o  cr 6.0g- n 3 . 5  cr 5.0(5- 6 . O r
0 .0 5 0 .0427 0 .0 4 2 2 0.0421 0 .3 5 0 .1 4 4 5 0 .1 2 0 2 0 .1 1 5 0
0 .1 0 0 .0 7 2 4 0 .0 7 0 3 0 .0699 0 .4 0 0 .1 729 0 .1416 0 .1 3 5 0
0 . 1 5 0 .0917 0 .0871 0 .0861 0 .4 5 0 .2 2 0 6 0 .1 8 1 2 0 .1 7 2 9
0 .2 0 0 .1 0 4 3 0 .0 9 5 6 0 .0 9 3 8 0 .5 0 0 .3 3 0 4 0 .2519 0 .2 4 1 7
0 .2 5 0 .1 1 4 5 - - 0 .5 5 0 .4 2 8 0 0 .3698 0 .3 5 7 4
0 .3 0 0 .1269 - - 0 .6 0 0 .6 2 3 3 0 .5545 0 .5 4 0 0
As was stated earlier, the compressibility equation of 
state for R = 3.5Ö was in good agreement with the experimental 
results for argon. It follows that the results for R = 5.0 (J
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and R = 6.0 Cf , which differ from those of R = 3.5 Cf , are not 
in such good agreement with the experimental results. More 
surprisingly, it was also found that the results for R = 6.0Cf 
did not agree with those reported by Throop and Bearman (1966b) 
and Levesque (1966). Throop and Bearman, and Levesque, 
truncated their iterative procedures at R = 6.0 . As they
both used the numerical method developed by Broyles (i960), 
described in section 3:1, this meant they had to assume g(r) = 1 
for r >  6.0 (J . Table 4:7 shows the magnitude of the 
differences between the inverse compressibilities calculated by 
Throop and Bearman and those calculated by the author.
TABLE 4:7.
Kh from two sources.
ii 1.4, R = 6.0 tf
*n TB W n TB W
0.05 0.7315 0.7345 0.35 0.2157 0.2405
0.10 0.5062 0.5122 0.40 0.3671 0.3989
0.15 0.3303 0.3392 0.45 0.6311 0.6727
0.20 0.2098 0.2215 0.50 1.0463 1.1026
0.25 0.1487 0.1635 0.55 1.6617 1.7405
0.30 0.1486 0.1679 0.60 2.5379 2.6521
TB = Throop and Bearman (1966b) . W = Watts (19(
This table shows that the relative difference between the two 
sets of results is particularly marked in the region of the 
critical- density. As the results of Levesque (1966) were in
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good agreement with those of Throop and Bearman (1966b), 
there is no reason to suspect the numerical accuracy of these 
workers. Accordingly the reasons for the discrepancies must 
lie in the differences between the numerical methods used to 
solve the equations. As was shown earlier, the results 
reported by the author are self-consistent over the range 
(0, R) , providing the potential vanishes beyond R. The 
procedure used by the other workers is based on the asymptotic 
assumption g(r) = 1. In view of the results shown in table 
4:7, it must be concluded that the long range behaviour of the 
PY approximation is important even when it would seem that g( r) 
is close to one.
4:5 Summary
It was shown in the early part of the chapter that the PY 
approximation, when used in conjunction with equation 3.10, is 
two-valued at all densities in the range n = 0, 0.6, for some 
temperatures, and for other temperatures was two-valued at some 
densities in this range, but had no solutions at other densities.
It was shown that this two-valued property of the PY 
equation defined a critical point for the fluid. The critical 
point was shown to be a saddle point in the p^  - n diagram.
The effect of altering the range of the attractive part of the
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intermolecular potential function was to increase the critical 
temperature and critical density. The former parameter was shown 
to be more sensitive to the range of the potential than was the 
latter.
The pressure-volume relation calculated from the
compressibility equation was shown to be in excellent agreement
with the observed behaviour of real gases in the region of the
critical point. Thus at the turning points of the p^  - n
isotherms the compressibility factor became infinite. This
was also true of the critical isotherm, where the P-V curve
showed a point of inflexion with infinite compressibility.
, \f
Further, the compressibility P-V curve for R = 3.b(J , T = 1.3, 
was shown to be close to the observed experimental values for 
argon.
The virial pressure-volume diagram was in disagreement 
with that obtained from the compressibility equation. Not only 
were the numerical values different, but also the general 
behaviour of the virial pressure-volume isotherms differed from 
that of the corresponding compressibility isotherms. Thus there 
was no sign of the compressibility becoming infinite on the 
critical isotherm, and the general shape of the P-V diagram was
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completely different from that typical of real fluids.
It was found that the compressibility factor increased with 
the range of the attractive part of the intermolecular forces.
As increasing the range of these forces reduces the change in 
pressure required to compress the fluid, this result was not 
surprising. To support this statement the pressure of the fluid 
as predicted by the three potentials, was also examined. It was 
found that increasing the range of the attractive part of the 
intermolecular forces decreased both the virial and compressibility 
pre ss ur es .
Finally, the compressibilities reported here for R = 6.0 
were compared with those reported by Throop and Bearman (1966b).
As the differences between the two sets of results were 
significant, particularly in the region of the critical density, 
it was concluded that the long range effects in the PY 
approximation are important, even at a distance of six molecular 
d i a me te rs .
The general conclusion reached from the results reported in 
this chapter is that the PY approximation is useful in the region 
of the liquid-vapour co-existence curve. This conclusion is 
particularly valid if the thermodynamic results calculated using 
this approximation are obtained from the compressibility equation.
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CHAPTER 5
THE HYPERNETTED CHAIN APPROXIMATION
One of the more interesting aspects of the work described 
here is that it enables a better evaluation of the relative 
merits of the PY and HNC approximations to be made. To date, 
the explicit behaviour of these approximations at the 
co-existence curve has been a matter of conjecture, for it 
has been difficult to separate the singular nature of the 
integral equations in this region from the disadvantages of the 
iterative method of solving them. This separation has been 
effected by using a combination of Baxter's equation, eqn. 3:10, 
and the Newton method of obtaining roots to non-linear equations. 
As was seen in the previous chapter for the PY approximation, 
and as will be described for the HNC approximation, the 
behaviour of the equations around the liquid-vapour transition 
region may now be determined.
b:1 Solutions to the Equation.
The general behaviour of the HNC approximation at medium 
densities and temperatures is similar to that of the PY 
approximation. It was found that above some critical 
temperature the HNC approximation, when used in conjunction with
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Baxter's equation, was two-valued at all densities in the range
(0, 0.6). For lower temperatures it was two-valued at some
densities in this range, and apparently had no solutions at
other densities. No evidence was found for the existence of
other solutions to the equation, but this does not preclude
their existence. On fig. 5:1 the two-valued behaviour of the
approximation is shown. Here the value of the direct correlation
function at the origin, c(o), is plotted against density for
several values of the temperature. This diagram is similar
to that reported in the previous chapter for the PY equation,
and is drawn to the same scale. The turning points in the
diagram were traced using the method of extrapolation in pj_ and
solving the set of non-linear equations 3:14 for the variables 
/ \(n , p2- - .p^ j^ > where the function jo was defined by
g( r) = exp ( - u(r)/kT)p(r) 
c( r) = :h(r) - log (p( r)) . 5:1
Although the general behaviour of the two approximations was 
similar, it was found that the turning points in fig. 5:1 were 
much more difficult to trace than were those in fig. 4:1. This 
was thought to be due to the derivative matrix, which appeared to 
be somewhat ill-defined in this region, especially on the. high 




There are some noticeable differences between the diagrams 
for the PY and HNC approximations, figs. 4:1 and 5:1. The most 
obvious is that the physical and non-physical regions of .isotherms 
for the HNC approximation are considerably closer together. This 
is especially obvious at low densities, and the non-physical 
isotherms here do not go towards infinity (which is presumably 
what happens at n = 0) until they are very close to the c(o) 
axis. A further difference lies in the behaviour of the 
non-physical isotherms themselves. It can be seen from fig.:5:l 
that at both low and high densities these parts of the isotherms 
cross. This behaviour was not observed for the PY approximation.
Fig. 5:1 shows clearly that the critical point defined by the 
HNC approximation is a saddle point in the c(o), n plane.
This feature was also observed for the PY approximation. It was 
found that the critical temperature and critical density were 
dependent upon the range of the attractive forces. Both of 
these quantities increased with increase in range of u( r) , the 
critical temperature being more sensitive. This will be 
discussed in more detail later in the chapter. Other than the 
change in position of the saddle point, the general features of 
the c( o) - n diagrams for the longer ranged potentials were 
similar to those shown in fig. 5:1 for R = 3.5 Cf . As with
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the PY approximation, the physical and non-physical regions 
tended to become closer with increased range. It was observed 
that this tendency was more marked for the HNC approximation 
than for the PY approximation. It is of interest to speculate 
as to whether the physical and non-physical regions are 
co-incident for an infinite ranged potential function.
5:2 The Distribution Functions.
The general features of the two distribution functions 
calculated from the HNC approximation are similar to those 
reported for the PY approximation in Chapter 4. On fig. 5:2 
the radial distribution function and direct correlation function 
for both physical and non-physical solutions at T = 1.3, 
n = 0.6, R = 3.5 Q are shown. Consider the two direct 
correlation functions. It is at once obvious that both the 
physical and non-physical curves are short ranged. Thus they 
have effectively vanished well before they reach the truncation 
point at 3.5 (jf . The major differences between the two curves 
is within the repulsive region of the intermolecular potential 
function. Here, as with the PY approximation (see fig. 4:2)*, 
the non-physical curve covers a larger area than does the 
physical curve. This is not surprising, for the plot of -c(o)
















is closer to the n axis than is that for the non-physical
solution.
The physical and non-physical radial distribution functions 
are both effectively zero within the repulsive region of the 
intermolecular potential function. They differ, however, in 
their long range behaviour. Thus the non-physical g(r) shows 
no sign of reaching the asymptotic value g(r) = 1, whereas the 
physical curve is close to this value. In view of the long 
range behaviour of the non-physical solutions, it is worth 
considering whether or not they satisfy Baxter’s assumption
this assumption is not satisfied, then the non-physical 
solutions are solutions to Baxter's equation, but are not 
solutions to the original HNC/Ornstein-Zernicke equation. 
Should the assumption be satisfied, then it is possible that 
the non-physical solutions are equivalent to the partially 
ordered solutions shown to exist by Temperly (1964) for the 
hard sphere fluid using the PY approximation. As it is 
impossible to examine the very long-range behaviour of the 
non-physical solutions at this time, this point cannot be
that the integral is absolutely convergent. If
satisfactorily answered.
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Unlike the PY approximation, the HNC approximation is not 
self-consistent when used with Baxter's equation. As was shown 
in Chapter 3 if the intermolecular potential is defined to be 
zero beyond some range R, then the combination of Baxter's 
equation and the HNC approximation is exact only to terms of 
order h (r)/2. If h(r) is small enough for these terms to be 
neglected, then the assumption c(r) = 0 is justified. To 
examine this assumption in more detail, the rate at which c( r) 
was converging on zero at the truncation point was examined.
2 3 4 5
By plotting c(r) and the functions r , r , r , r on the same
graph paper, for many examples of c.( r) , it was found that
(a) the physical curves were converging on zero at a rate
near to that of r , even for solutions close to the
turning points and at high densities, and
( b) that the non-physical c(r) were converging on zero at
-3 -4a rate between r and r , except for solutions 
obtained at very low densities.
In view of the apparent singular behaviour of c(r) at zero 
density for non-physical solutions, this behaviour was not 
surprising. It was surprising, however, to find that this 
behaviour was not shown by the non-physical solutions to the PY 
equation. Although -c(o) for non-physical solutions to this 
approximation appeared to go to infinity at zero density it was
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found that c(R) remained small.
A further test of the assumption c(r) = 0, r R was 
carried out for the range R = 3.5 Ö  . The potential was 
truncated at 3.5 Cf , but the direct correlation function was 
not assumed to be zero until r = 6.0 Cf . That is, eqn. 3:10 
was solved, for the HNC approximation, using the assumptions 
u(r) = 0 ,  r >  3.5 (/
c( r) = 0 , r T>6.0 Cf
with 120 points evenly distributed over the range (0, 6.0 Q  ) . 
The results were compared with those obtained using the 
assumptions
u(r) = 0 , r >  3.5 Cf
c(r) = 0 , r J>3.5 Cf
with 70 points in the grid.
A good test is to compare the inverse compressibilities for 








i - A j X n r c( r) dr 5:2
It can be seen that this factor depends solely upon the value of
-1
c( r) . Table 5:1 gives some values of K^. for several densities
9 1 .
at a temperature T - 1.4.
TABLE 5:1
_ i ^
K for T = 1.4, and u( r) = 0, r >  3.5 , Also
given are figures for u(r) = 0, r 7> 6.0 ( J  .
n A B c D
0.05 0.7454 0.7451 0.7451 0.7339
0.10 0.5309 0.5300 0.5303 0.5072
0.15 0.3600 0.3574 0.3591 0.3217
0.20 0.2385 0.2313 0.2374 0.1785
0.25 0.1736 0.1603 0.1722 0.0768
0.30 0.1684 0.1558 0.1660 0.0651
A : u(r) = 0, r > 3 . 5  t f  ; c( r) = o, r >  3.5 Cf; 70 points.
B : u(r) = 0, r > 3 . 5  Cf ; c( r) = o, r >  6.0 Cf; 120 points.
C : u(r) = 0, r >  3.5 Cf ; c( r) = o, ri> 3.5 3 ; 120 points.
D : u(r) = 0, r > 6 . 0  Cf ; c(r) = o, r >  6.0 Cf; 120 points.
From the table it can be seen that the errors introduced by 
truncating the direct correlation function are most important 
near the critical density. However, from columns A, B and D, 
it is seen that that these errors are insignificant when 
compared with the differences introduced by truncating the 
potential function at different ranges. The results in column 
C show that the errors introduced by the size of the trapezoidal 
grid are less than those due to truncating the direct correlation
function.
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5:3 The Thermodynamic Functions
In this section the thermodynamic behaviour of the 
Lennard-Jones fluid, as predicted by the HNC approximation, will 
be discussed for the three truncated potentials used in this work. 
As with the PY approximation, the discussion will be mainly 
confined to the equation of state. For the HNC approximation, 
however, the free energy of the fluid is readily available, and 
consequently this property will also be discussed.
The compressibility factor for the fluid is given by the 
Ornstein-Zernicke expression, eqn. 5:2. This expression may be 
integrated numerically to give the "compressibility" equation of 
state at temperatures above the critical temperature, and in the 
vapour region below this temperature. As with the free energy 
in the PY approximation, it is not possible to obtain the 
compressibility equation of state in the liquid region in a 
self-consistent fashion for the HNC approximation. The virial 
pressure-volume relation is given by the standard expression
czOP 2 7T n r 3 d / u(r) \
---  = 1 - ------ / r --- ---  g( r) dr . 5:3
n kT 3 J 0 dr \ kT j
It is expected (Klein and Green 1963) that the compressibility 
and virial equations of state will bracket the exact values.
In addition to the above expressions, there exists a 
variational principle for the HNC pressure and free energy
(Morita and Hirioke 1960). This principle gives expressions 
for the pressure and Gibbs function of the fluid which are 
consistent with the HNC approximation. The expressions are - 
(a) HNC Pressure Equation




log ( 1 - n c ( k) )
+ n c (k) ii -
n c ( k) \
1 - n c( k) 2 1 - n c (k) -
5:4
(b) HNC Free Energy Equation
log (n exp 7 At] )
2n4 rr 2
n c (o) 
oc
(1 - n 'c( k)) ^
d k
c>o  ^^
where c (k) = 4 7T /k J r c(r) sin (kr) dk is the Fourier
o
transform of the direct correlation function, and 'J is the 
Gibbs free energy per particle, or Gibbs Function. As both the 
HNC pressure and the HNC free energy are consistent with the HNC 
approximation, the standard thermodynamic relations between these
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two variables should hold for the numerical values reported 
here. Thus the expression
( < /  () P)^ . = l/n , 5:6
may be used to check the consistency of the results. As is 
shown in table 5:2 the solutions reported here are accurate.
The values of the derivatives at the densities quoted were 
obtained by finite differences, and consequently it is
TABLE 5:2.
( 0 7/ c) P) and n^
T * (b7"/^p)T *T (Ö7/Ö P)T n* ^
1.25 1.819 1.818 1.30 2.016 2.000
1.30 10.661 10.000 1.40 2.813 2.857
probable that some of the differences showr1 in Table 5:1 are due
to inaccuracies inherent in these calculations. Although the 
agreement between these two sets of data is not as impressive as 
that between the integrated compressibility factor and the 
compressibility pressure for the PY approximation (see Table 4:3), 
the differences are small, and it would seem that the equation has 
been solved accurately.
5:4 The Thermodynamics of the Fluid.
Before discussing the pressure and free energy of the fluid
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it is necessary to examine the behaviour of the critical 
temperature and density as the range of the potential is varied.
-X- ^The values of n and T found for the HNC approximationc o





R T c n c
3.5 (T 1.345 0.263
5.0 Cf 1.395 0.272
6.0 cT 1.405 0.275
It can be seen that both the critical temperature, and the 
critical density are dependent upon the range of the inter- 
molecular potential function. As was found for the PY 
approximation, the critical temperature is more sensitive to 
the attractive forces than is the critical density. It is of 
interest to note that the critical temperatures of all three 
fluids are somewhat higher than those found for real gases. Thus
the critical temperatures of the inert gases are generally within
*the range T = 1.25 - 1.30. The critical densities, however, 
are around 10% lower than those reported for the inert gases, 
which have critical densities in the range 0.30 - 0.35. One 
other point of interest is that whilst the critical densities
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predicted by the PY and HNC approximations are very similar, 
the critical temperatures are considerably different. Thus 
for argon, say, the difference is of the order of 2 0 which 
is by no means negligible.
The compressibility of the fluid was calculated from 
equation 5:2. On fig. 5:3, the inverse compressibility is 
plotted against density for several values of the temperature, 
with the potential truncated at 3.5 Cf . In the region of the 
turning points the behaviour of the non-physical compressibility 
is indicated by the dotted curves.. The non-physical 
compressibilities were introduced to stress that the 
compressibility of the fluid, as predicted by the HNC 
approximation, does not become infinite at the turning points.
As can be seen from the figure, although the inverse compressibility 
becomes small at the turning points it does not become zero. This 
behaviour must be contrasted with that of the PY approximation, 
where the inverse compressibility became zero at the turning 
points, as was discussed in Chapter 4. Consequently, we are led 
to the conclusion that although the HNC compressibility equation 
of state shows reasonable qualitative agreement with the behaviour 
of real fluids, in that the compressibility becomes large at the 




As was found f o r  t h e  PY app rox im at ion ,  t h e  i n v e r s e  
c o m p r e s s i b i l i t y  p r e d i c t e d  by t h e  HNC approx im at ion  i s  s e n s i t i v e  
to  th e  range  of  t h e  i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n .  This  
i s  shown in  Table  5 :4 ,  where t h e  i n v e r s e  c o m p r e s s i b i l i t y  
c a l c u l a t e d  us ing  a reduced te m p e ra tu r e  of  T, = 1 .4  i s  given 
f o r  s e v e r a l  v a lues  of  t h e  d e n s i t y .  I t  i s  r e a d i l y  seen from 
t h i s  t a b l e
TABLE 5 :4 .
-1 ^
K.J. as a f u n c t i o n  of  t h e  r ange ,  T = 1 .4
n 3 .5  (T s .o c T 6 .0 C f n 3 . 5 C f 5 .0  Cf 6 .0 C f
0 .0 5 0 .7454 0 .7 3 6 0 0 .7 3 3 9 0 .3 0 0 .1 6 8 4 0 .0 9 4 3 0.0651
0 .1 0 0 .5309 0 .5 1 1 4 0 .5 0 7 2 0 .3 5 0 .2 2 3 5 0 .1 5 2 3 0.1341
0 .1 5 0 .3600 0 .3 2 8 3 0 .3 2 1 7 0 .4 0 0 .3 5 2 0 0 .2 7 7 2 0 .2 5 9 4
0 .2 0 0 .2 3 8 5 0 .1 8 9 7 0 .1 7 8 5 0 .4 5 0 .5 8 3 6 0 .5 0 1 2 0 .4 8 1 2
0 .2 5 0 .1 7 3 6 0 .1 0 3 8 0 .0 7 6 8 0 .5 0 0 .9 5 7 3 0 .8 6 5 8
t h a t  a t  any given d e n s i t y ,  t h e  c o m p r e s s i b i l i t y  becomes g r e a t e r  
(K-p  ^ d ec re ase s )  as  t h e  a t t r a c t i v e  range  o f  the  i n t e r m o l e c u l a r
fo rces  i n c r e a s e s .  Although  th e  p o s i t i o n  of  t h e  t u r n i n g  p o in t s  
in  th e  diagram a l t e r e d  w i th  th e  range  of  th e  f o r c e s ,  in  no 
case was t h e  c o m p r e s s i b i l i t y  found to  become i n f i n i t e  a t  th e  
c r i t i c a l  p o i n t .  From t h i s  behav iour  i t  must be judged t h a t  th e  
HNC approx im at ion  i s  not  even q u a l i t a t i v e l y  exac t  as a t h e o ry  of 
f l u i d s  when used in  c o n j u n c t io n  w i th  th e  " c o m p r e s s i b i l i t y "
thermodynamic r e l a t i o n s .
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The virial equation of state of the fluid, obtained using 
the HNC approximation, is shown on fig. 5:4. It is obvious 
from this diagram that the compressibility of the fluid, as 
would be obtained from the virial equation of state shows no 
sign of becoming infinite at the critical point. This result 
is disappointing, but not surprising in view of the results 
reported in Chapter 4 for the PY approximation. Comparing 
Fig. 5:4 with the behaviour of the compressibility obtained 
from eqn. 5:2 it would seem that the compressibility equation of 
state is the better one to use in conjunction with the HNC 
approximation. Even this combination fails at and around the 
co-existence curve.
If the range of the attractive part of the intermolecular 
forces is increased, the force necessary to confine the fluid 
to a fixed region of space is decreased. As this force is a 
measure of the pressure exerted by the fluid, one would expect 
the pressure of the fluid to decrease if the range of the 
intermolecular forces is increased. This behaviour is shown for 







P(Virial) as a function of the range of u( r) . T = 1.4
*n 3.5 Cf 5.0 (J 6.ocT Xn 3.5 CT b.OCf 6.0 Cf
0.05 0.0438 0.0433 0.0432 0.30 0.1572 0.1409 0.1375
0.10 0.0765 0.0747 0.0743 0.35 0.1836 0.1617 0.1570
0.15 0.1009 0.0967 0.0958 0.40 0.2238 0.1952 0.1891
0.20 0.1200 0.1125 0.1110 0.45 0.2886 0.2525 0.2448
0.25 0.1375 0.1259 0.1234 0.50 0.3941 0.3498
with increase in range of the■ intermolecular forces, there was
no tendency for the pressure- volume relation to come into
closer agreement with the behaviour observed for real. gases.
Again, this observation is in accord with that made for the 
PY approximation in Chapter 4.
The most disappointing aspect of the work on the HNC 
approximation was the behaviour of the thermodynamic functions 
obtained using the HNC variational equations, eqns. 5:4 and 5:5. 
It can be shown that the virial and variational pressures are 
equivalent (Morita, 1960). Thus the pressures obtained from 
eqns. 5:4 and 5:5 should be identical. The differences between 
the values in Tables 5:5 and 5:6 are then a measure of the errors 
present in the calculations. It can be seen that at a range of 
3.5 Q  the truncation errors are much more important than at 
6.0 (§ , where the virial and variational pressures are in good 
agreement. In view of the success of the PY pressure in
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reproducing the behaviour of real gases near the co-existence 
curve (the PY variational pressure, eqn. 4:7 is identical to 
the PY compressibility pressure), it was hoped that the HNC 
variational pressure would be as successful. If this had 
been so, then the HNC variational free energy could have been 
used in conjunction with this pressure to define exactly the 
liquid-vapour co-existence curve by using Maxwell's equal area 
rule.
As with the virial pressure, the effect of increasing the 
range of the attractive part of the intermolecular forces is 
to decrease the variational pressure, as is shown in Table 5:6.
TABLE 5:6
P(Variational) as a function of range of u(r). T = 1.4.
n 3. b b.O 6.0 n 3.b b.O 6.0
0.0b 0.043b 0.0433 0.0432 0.30 0.1479 0.1394 0.1369
0.10 0.07b4 0.074b 0.0743 0.3b 0.1697 0.1b79 O.lbbO
0.1b 0.098b 0.0962 0.09b6 0.40 0.2047 0.1897 0.1862
0.20 0.1160 0.1119 0.1110 0.4b 0.2637 0.2449 0.240b
0.2b 0.131b 0.12b9 0.1242 O.bO 0.3619 0.3387
It has been suggested (Klein and Green, 1963), that the virial 
and compressibility equations of state should bracket the true 
equation of state. In view of the dependence of the 
thermodynamic data upon the model of the intermolecular potential
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used, it is doubtful if this suggestion is valid, if by true 
is meant the results of real fluids. It may be true, however, 
that the compressibility and virial equations of state represent 
two extremes, and that any other approximate value of the 
pressure will lie between these two limits.
An interesting effect to investigate is that which 
altering the range of the attractive forces has on the Gibbs 
function. As is shown in Table 5:7, the Gibbs function becomes
more negative as the range of the attractive forces is increased. 
TABLE 5:7
The Gibbs function as a function of the long range
attractive forces. H * 1! i— . 4 .
n 3 .5  (j 5 .0 (j 6 .0 C f 3 .5  Cf 5 . 0 ( /  6 .0  (j
0 .05  -3 .2596  -3 .26 9 0 -3 .27 1 0 0 .30  -2 .38 8 0  -2 .4 4 6 2  -2 .4628
0 .10  -2 .8084  -2 .82 7 5 -2 .83 1 6 0 .35  -2 .3241  -2 .3 9 3 2  -2 .4098
0 .15  -2 .6189  -2 .6487 -2 .65 5 0 0 .40  -2 .23 2 3  -2 .3091  -2 .3263
0 .20  -2 .51 6 3  -2 .5571 -2 .5 6 6 2 0 .45  -2 .0 9 4 2  -2 .1791  -2 .1980
0 .25  -2 .4457  -2 .4931 02.5043 0 .50  0.18880 -1 .9817
This behaviour is expected, for by increasing the range of the
intermolecular potential the attractive forces present in the 
fluid had been strengthened. As strengthening the attractive 
forces increases the thermodynamic stability of the fluid there
102,
should be a decrease in the thermodynamic free energy.
Before closing the chapter it is necessary to consider the 
differences between the results reported here and those obtained 
by De Boer at al. (1964) and Levesque (1966). As the range used 
by these workers varied from around 6.0 Cf to 12(7* , there is 
little point in giving a table of data equivalent to that of 
table 4:7. In general, the above named workers obtained results 
which were in good agreement with each other. Furthermore, their 
thermodynamic properties did not appear to be particularly 
dependent upon the range at which the numerical integrations 
were truncated. It was found that their results were in 
distinct disagreement with those reported here. As for the PY 
approximation, this disagreement was presumed to be due to the 
different assumptions used when solving the equations. Unlike 
the results reported here for the PY approximation, the results 
obtained for the HNC approximation are not completely self-consistent 
over the range of the potential. They are an improvement over 
the results reported by the previous groups, for, whereas they 
neglected terms of order h(r) after the truncation point, the 
results reported here only neglect terms of order h (r)/2. As 
these terms are small, it seems reasonable to suppose that the 
results reported here give a good description of the HNC
I OC+
>e3.Pa ^  •
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t h e  -c (o )  - r r  diagram, i t  showed no s ig n  of  becoming zero .
A somewhat d i s a p p o i n t i n g  co n c lu s io n  was t h a t  th e  HNC v a r i a t i o n a l  
p r i n c i p l e  f o r  th e  p r e s s u r e  and f r e e  energy of  th e  f l u i d  does 
not  g ive good r e s u l t s  in  th e  neighbourhood of  th e  c o - e x i s t e n c e  
curve .  I t  was found t h a t  both th e  v a r i a t i o n a l  p r e s s u r e  and 
th e  v i r i a l  e q u a t io n  of  s t a t e  showed no s ig n  of  th e  
c o m p r e s s i b i l i t y  of  th e  f l u i d  becoming i n f i n i t e  a t  t h e  c r i t i c a l  
p o i n t .  Thus i t  was not  p o s s i b l e  to  use th e  f r e e  energy va lues  
to  o u t l i n e  th e  c o - e x i s t e n c e  curve a c c u r a t e l y .
The e f f e c t  of  a l t e r i n g  th e  range of  th e  i n t e r m o l e c u l a r  
f o r c e s  was as expec ted .  I f  th e  range  was i n c r e a s e d ,  which f o r  
a Lennard-Jones  12-6 p o t e n t i a l  i s  e q u i v a l e n t  to  i n c r e a s i n g  th e  
range of  t h e  a t t r a c t i v e  f o r c e s ,  t h e  fo l lo w in g  e f f e c t s  were 
n o t i c e d .  The f l u i d  became more c o m p re ss ib l e ,  t h e  p r e s s u r e  of 
th e  f l u i d ,  as p r e d i c t e d  by a l l  t h r e e  e q u a t io n s  of  s t a t e ,  was 
observed to  f a l l ,  and th e  f r e e  energy became more n e g a t iv e .
By c o n s id e r i n g  thermodynamic arguments ,  i t  was concluded t h a t  
both of  t h e s e  o b s e r v a t i o n s  were expec ted .
I t  was noted t h a t  th e  r e s u l t s  o b ta in e d  by t h e  a u tho r  
d i s a g re e d  with  t h o s e  r e p o r t e d  by o t h e r  workers in  t h i s  f i e l d .  
A f t e r  t a k in g  i n t o  accoun t  th e  d i f f e r e n t  numerica l  p rocedures
( 0 3
approximation in the region of the liquid-vapour co-existence 
curve.
5:5 Summary
It was shown that the HNC equation, when combined with the 
form of the Ornstein-Zernicke equation derived by Baxter, 
eqn. 4:10, is at least two-valued at some temperatures in the 
density range n =0, 0.6, and that at other temperatures it has 
two solutions at some densities in this range and no solutions at 
others. As for the PY approximation, it was shown that this
behaviour defined the critical point of the fluid as a saddle
, > JUpoint in the -c(.o), n plane. The critical temperature and 
critical density were both shown to be dependent upon the range 
at which the Lennard-Jones potential was truncated, the former 
parameter being the more sensitive. Although the potential was 
truncated at three different ranges, none of the critical constants 
found were in agreement with the experimental values reported for 
real gases.
The behaviour of the compressibility of the fluid in the 
region of the liquid-vapour co-existence curve was shown to be 
qualitatively good but quantitatively inaccurate. Thus although 
the inverse compressibility became small at the turning points in
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used to obtain their results, it was concluded that this 
disagreement was not entirely unexpected. In particular, it 
was thought that the differences were due to the fact that 
previous workers had ignored terms of order h(r) outside the 
range of their numerical procedure, whereas the author's 
results were accurate to terms of order h (r)/2.
In conclusion it may be stated that the HNC approximation 
is not quantitatively exact in the neighbourhood of the 
liquid-vapour co-existence curve. If the HNC approximation 
is to be used, then it would appear that, as with the PY 
approximation, it is best to combine it with thermodynamic 




THE PERCUS YEVICK APPROXIMATION AND ARGON
In Chapters 4 and 5, the behaviour of the PY and HNC 
approximations in the neighbourhood of the liquid-vapour 
co-existence curve was described. In particular, it was shown 
that at the critical point the PY approximation when combined with 
the Lennard-Jones 12-6 potential, reproduces the behaviour of real 
gases. The HNC approximation was less successful near the critical 
point, and in particular it did not predict a point of inflexion with 
infinite compressibility on the critical P-V isotherm. One feature 
of interest was the success of the PY approximation in conjunction 
with the 3.5 Cf Lennard-Jones potential in predicting the critical 
temperature of argon. It was also seen (Fig. 4:4) that using this 
potential the PY compressibility pressure-volume relation for 
T^ = 1.3 was in good agreement with the experimental results for 
argon. In view of these observations, it was thought that it 
would be interesting to make a more detailed study of the ability 
of the PY approximation to predict the experimental properties of 
argon. This chapter will describe the results of this investigation 
As the 3.5 Cf Lennard-Jones potential gave results in good 
agreement with argon, it was used to obtain the results reported here
1 0 7 .
6:1 The D i s t r i b u t i o n  Func t i ons
In  a r e c e n t  s e r i e s  of papers  Mikola j  and Pings  (1967 a,b)  have 
r e p o r t e d  t h e  exper i ment a l  d i r e c t  c o r r e l a t i o n  f u n c t i o n s  and r a d i a l  
d i s t r i b u t i o n  f u n c t i on s  of a rgon.  Th e i r  measurements covered 
t h i r t e e n  d i f f e r e n t  s t a t e s  of a rgon,  a l l  i n  t he  r e g i o n  of  t h e  c r i t i c a l  
p o i n t .  The exper i ment a l  da t a  was ob t a i ne d  from a s e r i e s  of X-ray 
d i f f r a c t i o n  measurements from which t h e  i n t e n s i t y  f u n c t i o n ,  i ( s ) ,  
was o b t a i n e d .  Thi s  i n t e n s i t y  f u n c t i o n  i s  d i r e c t l y  r e l a t e d  to  t h e  
F o u r i e r  t r a n s f o r m of  t he  i n d i r e c t  c o r r e l a t i o n  f u n c t i o n ,  h ( s ) , by 
t h e  exp r e s s i o n
n h ( s) = i (  s) 6:1
That  t he  d i r e c t  c o r r e l a t i o n  f u n c t i o n  i s  d e f in e d  by t h e  i n d i r e c t  
c o r r e l a t i o n  f u nc t i o n  i s  shown by t a k i n g  t he  F o u r i e r  t r a n s f o r m of 
t h e  O r n s t e i n - Z e r n i c k e  equa t i on  and r e - a r r a n g i n g  t o  g ive  ( eqn .  2:31)
h ( s)
c ( s )  = ________=—  . 6 : 2
1 + n h ( s)
This  e x p r e s s i o n  may be used i n  c o n j un c t i o n  wi th  6:1 t o  g ive  c(s)  
i n  terms of t h e  i n t e n s i t y  f u n c t i o n ,
-  , x i ( s )n c ( s ) = __________ . 6:3
1 + i ( s)
The exper i ment a l  d i s t r i b u t i o n  f u n c t i o n s  a r e  t he n  ob t a i ne d  by t a k i n g  
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6:4
6:5
In this section the experimental data reported by Mikolaj and Pings 
will be compared with the results predicted by the PY approximation 
in conjunction with the 3.5 Cf Lennard-Jones potential.
Mikolaj and Pings (1967 a,b) obtained experimental distribution 
functions at the temperature and densities reported in Table 6:1.
Also in this table the corresponding reduced temperatures and 
densities using the Lennard-Jones parameters C/K = 119.8 A »
Cf = 3.404 A are given. The PY equation was solved at all 
thirteen of these thermodynamic states, and the distribution 
functions obtained compared with those reported by Mikolaj and Pings,
TABLE 6:1
Thermodynamic States Studied
O. -3T A T n g cm n
163 1.361 0.280 0.167
0.536 0.314
0.780 0.464
158 1.319 0.536 0.314
153 1.277 0.536 0.314
0.780 0.464
0.910 0.541
e/K = 119.8°A 5
Jf' -3 *T A T n g cm n




143 1.194 0.910 0.541
0.982 0.584
CT = 3.404 A
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The exper im en ta l  and c a l c u l a t e d  r a d i a l  d i s t r i b u t i o n  f u n c t i o n s  
a r e  compared on f i g .  6:1 f o r  fou r  of th e  s t a t e s  g iven i n  t a b l e  6 :1 .
I t  can be seen t h a t  t h e  a b i l i t y  of th e  PY approx im at ion  to  p r e d i c t  
t h e  exper im en ta l  argon da ta  v a r i e s  w i th  th e  s t a t e  of th e  system,
At h igh d e n s i t i e s  t h e  f i t  i s  p a r t i c u l a r l y  good. Except  f o r  th e  
h e i g h t  of th e  f i r s t  peak in  th e  cu rve ,  which i s  o v e r - e s t i m a t e d ,  
t h e  c a l c u l a t e d  curves  f o r  n = 0.541 l i e  w i t h i n  th e  exper im en ta l  
e r r o r  given  by Mikola j  and Pings  (Data r e p o r t ) . The PY equa t ion  
o v e r - e s t i m a t e s  th e  peaks and t roughs  in  th e  exper im en ta l  curves  a t  
t h i s  d e n s i t y .  At th e  i n t e r m e d i a t e  d e n s i t y  of  n = 0 .3 1 ^ ,  which 
i s  c l o s e  to  th e  exper im en ta l  c r i t i c a l  d e n s i t y ,  th e  agreement i s  
s t i l l  t o l e r a b l e .  Here t h e  c a l c u l a t e d  p o i n t s  tend  to  l i e  above th e  
exper im en ta l  p o i n t s .  The low d e n s i t y  t h e o r e t i c a l  curve i s  not  in  
p a r t i c u l a r l y  good agreement w i th  t h e  exper im en ta l  d a t a .  Unlike 
th e  r e s u l t s  a t  o t h e r  d e n s i t i e s ,  t h e  c a l c u l a t e d  curve l i e s  o u t s i d e  
t h e  exper im en ta l  e r r o r  over most of  t h e  r e g io n  of i n t e r e s t ,  The 
improvement of  th e  f i t  w i th  i n c r e a s i n g  d e n s i t y  i s  somewhat s u r p r i s i n g ,  
as th e  PY approx im at ion  i s  e s s e n t i a l l y  a low d e n s i t y  approx im at ion .
F ig u re  6 :2  shows th e  exper im en ta l  and c a l c u l a t e d  d i r e c t  
c o r r e l a t i o n  f u n c t i o n s  a t  t h r e e  d i f f e r e n t  d e n s i t i e s .  I t  i s  a t  once 
a p p a re n t  t h a t  t h e  curves  d i f f e r  w i t h i n  th e  r e p u l s i v e  co re of th e  















and c a l c u l a t e d  d i r e c t  c o r r e l a t i o n  f u n c t i o n s  a r e  in  poor agreement 
a t  a l l  t h r e e  d e n s i t i e s .  For t h e  exper im en ta l  curves  t h e  reg io n  
of c ( r )  between th e  o r i g i n  and 0 .8  had to  be e s t im a te d  us ing  
a t e c h n iq u e  d e s c r ib e d  by Mikola j  and Pings  (1967 b ) . As the  
a u th o r s  say in  t h e i r  p ap e r ,  t h i s  r e g io n  of t h e  curve i s  p a r t i c u l a r l y  
s e n s i t i v e  to  exper im en ta l  e r r o r s .
Bes ides  r e p o r t i n g  t h e  observed  d i s t r i b u t i o n  fu n c t i o n s  f o r  argon 
in  th e  r e g io n  of  t h e  c r i t i c a l  p o i n t ,  Mikola j  and Pings  used t h e i r  
da ta  to  make an i n t e r e s t i n g  t e s t  of  t h e  v a l i d i t y  o f ’ th e  PY and HNC 
app ro x im a t io n s .  To i l l u s t r a t e  t h i s  t e s t  c o n s id e r  th e  PY 
app rox im at ion .  I f  th e  d i r e c t  c o r r e l a t i o n  f u n c t i o n  and r a d i a l  
d i s t r i b u t i o n  f u n c t i o n  a r e  known, we may use  t h e  PY approx im at ion  
eqn. 3:1 t o  d e f i n e  t h e  i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n  :
K r)
log
g(r)  - c ( r )  
g( r)
6 :6
One of  th e  b a s ic  assumptions  behind t h e  PY approx im at ion  i s  t h a t  t h e  
i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n  i s  independen t  of th e  t e m p era tu re  
and d e n s i t y  of t h e  f l u i d .  Mikola j  and Pings  ( i960)  used t h e i r  
exper im en ta l  da ta  to  c a l c u l a t e  u ( r )  from e q u a t io n  6 :6  f o r  a l l  the  
thermodynamic s t a t e s  g iven in  Table  6 :1 .  They showed t h a t  the  
i n t e r m o l e c u l a r  p o t e n t i a l  o b ta in e d  in  t h i s  way was s t a t e  dependent .
In  p a r t i c u l a r ,  th e  depth  of  th e  p o t e n t i a l  w e l l  d ec re ase d  as th e
1 1 1 .
density increased, and at the same time the repulsive part of the 
potential became harder. The observed potentials seemed to be 
essentially temperature independent, any variations due to 
temperature being masked by the experimental error. When compared 
with the Lennard-Jones 12-6 potential, it was seen that the depth of 
the well of the experimental curves was always less than that of the 
12-6 potential. Also, the repulsive core of the Lennard-Jones 
potential was always harder than that of the potential obtained 
from 6:6. The HNC approximation behaved in a similar fashion.
6:2 The Thermodynamic Properties
It was seen in Chapter 4 that the compressibility equation of
%  rfstate for T = 1.3, for the 3.5 (J Lennard-Jones potential, was 
in good agreement with the experimental properties of argon.
Here the compressibility equation of state, the internal energy, 
and the entropy consistent with these functions will be compared 
with the argon data of Levelt (i960). The compressibility 
equation of state was calculated using the equation derived by 
Baxter, eqn. 4:7. For the internal energy, the expression
ö ö
u 3 f  2 u(r)
--  = _ + 2 7T n / r ----g( r) dr , 6:7
NkT 2 / kT
-/o







These values could then be compared with those reported by Levelt 
(i960). The internal energy of an ideal gas - i.e. that due to 
translational degrees of freedom - has been removed to obtain the 
interaction part.
To obtain the interaction contribution to the entropy of the 
fluid, the free energy of the fluid had first to be calculated.
From the expression
d G = V d P - S d T  ,
it follows that, if 7
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6:10
or, cancelling the density factor on both sides, and integrating, 
'Y n QO
kT
J J 4 7T c( r ; n) d r d 6:11
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The usual definition of the free energy of a system may now be 
re-arranged to give, for the interaction part of the entropy
T S. Pi V + u i - G i 6:12
As the contribution to the pressure due to the intermolecular forces 
is required, this is calculated from the expression 
P P.l
-- = 1 + ___  6:13
nkT n kT
P/nkT being obtained from Baxter's expression, eqn. 4:7.
The agreement between the PY compressibility pressure and the 
experimental data is shown in Table 6:2 for a series of temperatures 
and densities.
TABLE 6:2
Experimental and Theoretical Argon Pressure, P/kT.
*T 1.3 *-T 1.4 T = 1.5 j*-T = 2.0
*n Expt. Calc. Expt. Calc. Expt. Calc. Expt. Calc.
0.1 0.0702 0.0712 0.0745 0.0753 0.0780 0.0788 0.0893 0.0899
0.2 0.0974 0.0980 0.1126 0.1137 0.1252 0.1266 0.1669 0.1688
0.3 0.1061 0.1050 0.1356 0.1370 0.1610 0.1637 0.2497 0.2536
0.4 0.1148 0.1183 0.1635 0.1702 0.2071 0.2148 0.3619 0.3687
0.5 0.1531 0.1715 0.2326 0.2491 0.3027 0.3166 0.5464 0.5520
0.6 0.3106 0.3264 0.4310 0.4366 0.5345 0.5323 0.8813 0.8653




There are several features of interest in this table. The first 
observation is that the ability of the PY approximation to fit the 
experimental data is better at high temperatures than at low.
This is not unexpected, for most approximations to the distribution 
functions of fluids improve away from the critical region. At low 
densities the agreement is good at all temperatures, being of the 
order of 1%. This agreement falls off at higher densities, 
especially for low temperatures, a feature which is probably due 
to the poor agreement between observed and calculated critical 
densities. Generally, the calculated pressure is higher than the 
observed pressure, but at high enough densities the results for 
T^ = 1.5 and 2.0 indicate that this order may be reversed,
Apart from these features, the calculated pressure behaves in much 
the same way as the experimental pressure. It is probable that 
the differences are not much larger than the experimental error, 
even at quite high densities.
The internal energy of the fluid due to interactions is<given 
in Table 6.3, for the four temperatures used in Table 6:2.
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TABLE 6:3
Internal Energy IL/N (f . Calculated and Experimental
= 1.3 = 1.4 T * = 1.5 = 2.0
n* Expt. Calc. Expt. Calc. Expt. Calc. Expt. Calc.
0.1 -0.825 -0.781 -0.785 -0.748 -0.755 -0.723 -0.665 -0.647
0.2 -1.581 -1.534 -1.499 -1.451 -1.442 -1.400 -1,287 -1.266
0.3 -2.233 -2.181 -2.129 -2.081 -2.063 -2.024 -1.879 -1.865
0.4 -2.785 -2.734 -2.705 -2.640 -2.647 -2.622 -2.457 -2.455
0.5 -3.337 -3.322 -3.278 -3.271 -3.229 -3.226 -3.030 -3.042
0.6 -3.934 -3.938 -3.876 -3.885 -3.826 -3.835 -3.593 -3.613
Argon data reduced with L-J parameters (f/k = 119.8 A , 
cf = 3.405 8
Here the agreement between experimental and calculated results is 
good over the whole density-temperature range considered. As 
with the pressure, at low densities the internal energy calculated 
from the PY approximation lies above the experimental value.
This order is reversed at higher densities, where the experimental 
values are underestimated by the calculated values. Again, the 
behaviour of the calculated quantities closely follows that of the 
experimental values, and this thermodynamic property is well 
estimated by the PY approximation.
Finally the interaction part of the entropy will be considered, 
From this and the two functions given in Tables 6:2 and 6:3 all the 
other thermodynamic properties of the fluid may be estimated using 
standard thermodynamic arguments. The observed and calculated
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values of the entropy are given in Table 6:4,
TABLE 6:4
Entropy of Interaction, S./Nk. Experimental and Calculated.
n^
T  * )■ l Tt= /■<* Tw- s' T =
Expt. Calc. Expt. Calc. Expt. Calc. Expt. Calc,
0.1 -0.317 -0.286 -0.288 -0.274 -0.266 -0.256 -0.213 -0.212
0.2 -0.621 -0.604 -0.560 -0.544 -0.521 -0.478 -0.428 -0,431
0.3 -0.887 -0.866 -0.810 -0.795 -0.764 -0.757 -0.656 -0.665
0.4 -1.116 -1.096 -1.056 -1.053 -1.015 -1.022 -0.904 -0.925
0.5 -1.380 -1.396 -1.336 -1.362 -1,302 -1.331 -1.188 -1.313
0.6 -1,728 -1.772 -1.684 -1.733 -1.649 -1.694 -1.516 -1.556
Experimental data reduced with L-J parameters (f/K = 119.8°A,
cf 3.405 A
The calculated data in Table 6:4 is not in as good agreement with 
the experimental data as are the pressure and internal energy. At 
low densities, the calculated entropy is larger than the experimental, 
whilst at higher densities the order is reversed. This observation 
is consistent with that made for the pressure and internal energy. 
Although the calculated results do not fit the observed data as 
well as those given in Tables 6:2 and 6:3, the agreement is still 
within 10%.
6:3 Summary
The first part of this chapter compared the distribution 
functions obtained from the PY approximation with the experimental 
data of Mikolaj and Pings ( 1967 a,b) . It was seen that if the 
Lennard-Jones potential was truncated at 3.5 Cf , then the
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calculated values of the radial distribution function were in 
reasonable agreement with the experimental results, particularly at 
medium to high densities. The calculated direct correlation 
functions were not in particularly good agreement with 
experiment, although the calculated and observed curves were 
qualitatively similar.
Mikolaj and Pings (196b) used their experimental results, in 
conjunction with the PY approximation, to examine the behaviour of 
the intermolecular potential function. They showed that besides 
being state-dependent, the potential curve obtained in this way 
differed from the Lennard-Jones potential in other ways. Most 
important were the observations concerning the potential well.
It was found that the experimental approximation to the 
intermolecular potential function had a softer core and a shallower 
bowl than the 12-6 potential. This suggests that these differences 
were arbitrarily accounted for by truncating the Lennard-Jones 
potential at 3.5 Cf .
The second part of the chapter examined the thermodynamic 
properties of the 3.5 Lennard-Jones fluid in more detail. It 
was shown that if this potential is used, then the thermodynamic 
behaviour of argon is reproduced, by the PY approximation, over a
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wide range of temperatures and densities. The calculated 
thermodynamic properties were obtained from the compressibility 
equation of state and the internal energy. Unfortunately, it 
was not possible to examine the calculated thermodynamic functions 
consistently at high densities below the critical temperature. At 
higher temperatures the compressibility pressure, internal energy, 
and the interaction part of the entropy were all in good agreement 
with the argon data.
In conclusion it may be said that the PY approximation when 
used with the 3.5 Lennard-Jones potential, gives a surprisingly





7 :1 The PY and HNC Approximations
Broyles, Chung and Sanlin (1962), Khan (1964), and Levesque 
(1966) have made detailed comparisons of the PY and HNC equations, 
Broyles et al. included the Kirkwood superposition approximation 
in their discussion. Khan and Levesque used a number of 
potentials, including the Lennard-Jones 12-6 potential, in their 
work. Although all of these used the asymptotic assumption 
g(r) = 1 in their numerical calculations, and so disagreed with 
the results reported here, their conclusions will be given,
Broyles, Chung and Sahlin compared their results with the 
Monte Carlo calculations of Wood and Parker (1957). Monte Carlo 
and molecular dynamics calculations give the "exact" behaviour 
for the appropriate potential, although in practice the results 
are limited by the size of the unit cell considered and the number 
of particles traced. Broyles et al. found that the PY approximation 
was in closest agreement with the Monte Carlo results. The HNC 
approximation was found to be superior to the Born-Green-Yvon
approximation.
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This conclusion was supported by that of Levesque, who used 
the PY and HNC approximations with the square well and Lennard- 
Jones 12-6 potentials. He concluded that the PY approximation 
was closer to both machine calculations and to the argon 
experimental results. However, in agreement with Throop and 
Bearman (1966), it was found that the approximations were 
mediocre in the region of the critical point.
Khan's conclusions were not as straightforward as those of 
Broyles et al. and Levesque. Although he agreed that both 
approximations are poor at high densities, he came to the conclusion 
that for the Lennard-Jones potential the PY approximation was inferior 
to the HNC approximation. It is worth noting that in one case he 
obtained two solutions to the HNC approximation. Unlike his other 
solutions the second solution was found to approach the value 
g(x) = 1 from below. As Khan's thermodynamic results were different 
from those of Levesque, and De Boer, Van Leuwen and Groenveld (1964), 
it is possible that the bulk of Khan's high density solutions were 
non-physical. However, it has yet to be demonstrated 
satisfactorily that the original Ornstein-Zernicke equation is 
in fact two-valued.
The results reported in earlier chapters support the view that 
the PY approximation is superior to the HNC approximation as a theory
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of dense f l u i d s .  I t  was shown t h a t  both  ap p ro x im a t io n s ,  when used 
wi th  B a x t e r ' s  e q u a t io n ,  eqn. 3 :10 ,  p r e d i c t  a phase change f o r  th e  
Lennard-Jones  f l u i d .  The phase change had c r i t i c a l  c o n s t a n t s  
e q u i v a l e n t  to  a s ad d le  p o i n t  in  th e  c(o) - n d iagram.  Around 
th e  c r i t i c a l  p o i n t  t h e  behav iour  of  t h e  two approx im at ions  was 
c o n s id e ra b ly  d i f f e r e n t .  The PY approx im at ion  was shown t o  p r e d i c t  
i n f i n i t e  c o m p r e s s i b i l i t y  f o r  t h e  f l u i d  a t  t h e  c r i t i c a l  p o i n t .  
Fur the rm ore ,  i t  was seen t h a t  t h e  behav iour  of t h e  " c o m p r e s s i b i l i t y "  
e q u a t io n  of s t a t e  was very  s i m i l a r  to  t h a t  observed  f o r  r e a l  f l u i d s ,  
r esembl ing  t h e  c l a s s i c a l  Van der  Waals diagram.  This  behav iour  was 
not  observed f o r  t h e  " v i r i a l "  eq u a t io n  of s t a t e ,  which d id  not  have 
a p o i n t  of i n f l e x i o n  wi th  i n f i n i t e  c o m p r e s s i b i l i t y  on t h e  c r i t i c a l  
p res su re -vo lum e  iso th e rm .
The HNC approx im at ion  d id  not  p r e d i c t  i n f i n i t e  c o m p r e s s i b i l i t y  
a t  t h e  c r i t i c a l  p o i n t .  I t  was seen t h a t  a l though  t h e  i n v e r s e  
c o m p r e s s i b i l i t y  became s m a l l ,  i t  d id  not  approach zero  in  th e  way 
t h a t  i t  d id  f o r  th e  PY a p p rox im a t ion .  From t h i s  o b s e r v a t i o n  i t  
fo l lows  t h a t  th e  c o m p r e s s i b i l i t y  e q u a t io n  of  s t a t e  does not  show a 
p o i n t  of i n f l e x i o n  along  t h e  c r i t i c a l  i s o th e rm .  The v i r i a l  
equa t ion  of  s t a t e  was not  a t  a l l  s i m i l a r  t o  t h e  c l a s s i c a l  Van der  
Waals P-V diagram. Along th e  c r i t i c a l  i so th e rm  t h e r e  was no s ig n  
of a p o in t  of i n f l e x i o n .  The HNC v a r i a t i o n a l  e q u a t io n  of s t a t e
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(Morita, I960) was very similar to the virial equation of state.
This was disappointing, for the free energy of the fluid consistent 
with the variational equation of state is available (Morita, 1960). 
If the variational P-V diagrams had been similar to the classical 
Van der Waals diagram, it would have been a simple matter to have 
used Maxwell's equal area rule to outline the liquid-vapour 
co-existence curve.
It was found that both the PY and HNC approximations were 
sensitive to the range of the Lennard-Jones potential. The critical 
density was relatively insensitive to the range, being near 
n = 0.27 for both approximations and for all three ranges of 
the intermolecular potential function (3.5Cf , 5.00 , and 6.0 0 ).
On the other hand the critical temperature increased considerably 
as the range of the potential increased. As the critical density 
is more a measure of the repulsive forces than of attractive forces, 
the reverse being true for the critical temperature, the results 
were as expected. The other thermodynamic properties, such as the 
pressure, were also sensitive to the range of the potential function. 
As expected, the calculated pressure decreased as the range of the 
attractive forces increased, and the fluid became more compressible. 
For the HNC approximation, it was also seen that the Gibbs function 
became more negative - that is, increasing the range of the
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attractive forces resulted in a more stable system.
As a variety of differently ranged potentials were used in 
this work, it was not possible to compare the thermodynamic 
results obtained with those obtained from machine calculations. 
(See McDonald and Singer, 1967 , for an account of this type of 
calculation.) However, it was observed that the critical
temperature predicted by the PY approximation for the 3.bCf 
Lennard-Jones potential was close to the experimental value for 
argon. Chapter 6 reported on a detailed examination of the 
ability of the PY approximation, in conjunction with the 3.bCf 
potential, to predict the thermodynamic properties of argon, It 
was shown that in general, the agreement between experimental and 
calculated results was in the range 1 - 5 % 9 depending upon the 
property considered. Similarly at moderately high densities the 
radial distribution functions obtained from the PY approximation 
were in reasonable agreement with the experimental data of Mikolaj 
and Pings (1966, b ) . The thermodynamic data obtained from the 
HNC approximation did not agree with that for argon, In view of 
the sensitivity of the approximations to the range, the agreement 
between the results given in Chapter 6 and the experimental argon
data is somewhat fortuitous.
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The general impression obtained from the work reported here is 
that the PY approximation is superior to the HNC approximation. 
However, as the compressibility and virial equations of state 
disagree for both approximations, neither approximation can be 
considered satisfactory. An adequate theory of dense fluids is 
obtained if the PY approximation is used in conjunction with 
thermodynamic properties consistent with the compressibility 
equation of state. Here a distinct drawback is the lack of a 
suitable equation for the free energy of the fluid in the condensed 
region.
7:2 Improving the Approximations
The PY and HNC approximations were first formulated during the 
period 1958-1960. Although the behaviour of these two approximations 
has still to be fully evaluated, there have been several more exact 
approximations introduced in recent years. Some of these will be 
described here.
An alternative test of the HNC (and PY) approximation is to 
evaluate the virial co-efficients of the gas consistent with the 
approximation. It is found (Rushbrook and Hutchinson, 1961) that 
the HNC approximation predicts virial co-efficients for the hard- 
sphere fluid which are in poor agreement with the known exact values. 
Hurst (1965, 1966) has attempted to improve the situation by
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introducing an adjustable parameter to the approximation. He 
defined the new approximation
M
h( r) - c(r) = y (r) log (y( r)) , 7:1
where y( r) = g( r) eu(r)/^. The parameter m was chosen so that 
the fourth virial co-efficient obtained from the compressibility 
equation of state was equal to that obtained from the virial 
equation of state. It was found that for 0.4/1 m 4  0.4b the 
compressibility equation of state gave fifth and sixth virial 
co-efficients identical with those obtained by Ree and Hoover (1964) 
using Monte Carlo procedures. Hurst's procedure was modified by 
Henderson (1966), who made the parameter m a function of the density. 
Using this approximation, it is possible to obtain self-consistent 
virial co-efficients of any order. Throop and Bearman (1966) have 
carried out some machine calculations on Hurst's approximation, 
and found that good agreement with the PY approximation was obtained 
for m = 0.4172.
There is little justification for introducing arbitrary 
parameters into the approximations. A theoretically more satisfying, 
but extremely arduous, approach is to attempt to evaluate some of the 
Bridge diagrams (see section 2:4). Rowlinson (1964) has given an 
account of such procedures. It is unlikely that any real advance 
can be made in this direction, as these diagrams are extremely complex.
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It seems unlikely that a model fluid whose particles interact 
solely through a pair potential is capable of providing a quantitative 
description of real fluids (Rowlinson, 1965). For this reason, it is 
reasonable to introduce triplet potentials into theories of the 
liquid state. Three recent papers doing this are due to Rushbrook 
and Silbert (1967), Rowlinson (1967), and Baxter (1968). The 
procedures used by Rushbrook and Silbert, and Rowlinson, were based 
on the present PY and HNC approximations. For the HNC approximation 
it was shown (Section 2:4) that the Bridge diagrams were ignored.
This approximation also ignores all triplet contributions, other 
than that due to elementary graphs (S - graphs) having one field 
point :
<A, , Mo , Ä .
U123^THere the shading represents an f^g = e - 1 bond. For pair
potentials only, this type of graph does not contribute to the 
radial distribution function. Rushbrook and Silbert, and 
Rowlinson, used these arguments to give improved PY and HNC 
approximations. Baxter has derived an approximation for the 
three-particle distribution function which is equivalent to the 
two-particle HNC approximation. The approximation, which sums 
over a class of Mayer diagrams similar to 7:2, gives a symmetric 
three-particle correlation function. A variational principle
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similar to that of Morita and Hiroike (i960) is used to derive 
expressions for the pressure and free energy of the system.
Baxter calculated the pressure for a simple one dimensional 
lattice to test the approximation. He concluded that the 
improvement over the two-body approximation was not sufficient to 
warrant the extra computation involved.
The method of functional Taylor expansions (see section 2:5) 
may be used to obtain improved approximations. As was stated in 
section 2:5, an improved approximation is obtained if the second 
derivative term in eqn. 2:59 is retained. Verlet (1964) has done 
this for both the PY and HNC approximations. Unfortunately this 
procedure introduces three-body distribution function terms.
These terms may be removed using the superposition principle 
(Kirkwood, 1935), or, as Verlet did, by using a "first order" PY 
approximation for g(2,3,4). Both the PY2 and HNC2 approximations 
give the first four virial co-efficients exactly for hard spheres 
(Rushbrooke, 1965).
Two exact systems of integral equations for the distribution 
functions of simple fluids have been derived by H.S. Green (1965) 
and Allnat (1966). Both of these systems, when approximated to 
first order, yield the PY approximation. The leading term for 
Allnat's expansion of n^  ^  (1,2,3)/n^ ^  (l) n^^(2,3) is very
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similar to the second order PY approximation derived by Verlet.
To date no detailed numerical work on these approaches has been 
reported.
One approach to an improved theory of fluids may lie in the 
original derivation of the PY approximation (Percus and Yevick,
1958). Despite the success of the PY approximation, there does 
not seem to have been much more work carried out on the collective 
co-ordinate approach to classical fluids. It would seem, however, 
that any new approximation should have the property of defining a 
direct correlation function which vanishes beyond the range of the 
intermolecular forces. If this property is included then Baxter's 
equation, 3:10, may be used to determine the long-range effects of 
the approximation.
7:3 Summary
An improved method of obtaining numerical solutions to equations 
for the two-particle distribution functions of simple fluids was 
described. The method was based on the Newton method of obtaining 
the roots of non-linear equations. To obtain these equations the 
PY or HNC approximation was used in conjunction with a discrete 
approximation to Baxter's form of the Ornstein-Zernicke equation.
It was found that the PY and HNC approximations predicted a phase
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change in  th e  Lennard-Jones  f l u i d .  Above th e  c r i t i c a l  te m pera tu re  
th e  PY and HNC eq u a t io n s  were shown to  be a t  l e a s t  two va lued  in  the  
d e n s i t y  range  ( 0 ,  0 . 6 ) .  At lower t e m p e ra tu re s  t h e  equa t ions  were 
two-valued  a t  some d e n s i t i e s  in  t h i s  range ,  but  had no s o l u t i o n s  a t  
o t h e r s .  At t h e  c r i t i c a l  p o i n t  t h e  PY equ a t io n  p r e d i c t e d  i n f i n i t e  
i s o th e rm a l  c o m p r e s s i b i l i t y  f o r  th e  f l u i d .  This  was not  p r e d i c t e d  
by th e  HNC app rox im at ion .
The c r i t i c a l  t e m p e ra tu r e  and c r i t i c a l  d e n s i t y  of  th e  f l u i d  were 
s e n s i t i v e  to  t h e  range of t h e  i n t e r m o l e c u l a r  f o r c e s ,  p a r t i c u l a r l y  th e  
former .  S i m i l a r l y ,  th e  thermodynamic fu n c t i o n s  a l t e r e d  as th e  range 
of the  fo r c e s  was i n c r e a s e d .  For a range of  3 .bCf t h e  PY 
approx im at ion ,  i n  c o n j u n c t io n  with  th e  Lennard-Jones  p o t e n t i a l ,  was 
in  good agreement  w i th  th e  expe r im en ta l  behav iour  of a rgon.
I t  was concluded t h a t  t h e  PY app rox im at ion ,  in  c o n ju n c t io n  with  
t h e  c o m p r e s s i b i l i t y  e q u a t io n  of s t a t e ,  was a p a r t i c u l a r l y  good 
app rox im at ion .  Although t h e  HNC approx im at ion  behaved r ea sonab ly  
w e l l ,  i t  was no t  good in  t h e  r e g io n  of  th e  c r i t i c a l  p o i n t .
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APPENDIX A : The Function jo .
For the PY approximation jo is defined by
( \ _ -u(r)/kT / vg( r) - e p( r)
, v , -u(r)/kTc( r) = (e -l)p(r) . A1
For the HNC approximation jo is defined by 
g(r) = e p(r)
c( r) = h( r) - log(p(r)) . A2
The function p(r) is tabulated for the PY approximation, and the 
function log(p(r)) for the HNC approximation.
The tables are to be read across the columns :
e.g. r10
r11 etc.
The step size is given by (J = R/(N + 0.5), where R is 
the range and N is the number of points in the grid. g(r) and 
c( r) may be obtained for either approximation by using A1 or A2.
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APPENDIX B.
Thermodynamic Properties of the Lennard-Jones 
Fluids.
-1
Kt : Inverse Compressibility factor calculated 
from eqn. 5:2.
p(u! £  ./<T Virial pressure, calculated from eqn. 5:3.
* JA,
U * n /cT  : Internal energy, calculated from eqn. 6:7.
(c) p
p = —
kT : Pressure for PY approximation, calculated 
from eqn. 4:7.
(H) pP - —kT • Pressure for HNC approximation, calculated from 
eqn. 5:4.
0 : KT
Gibbs function for HNC approximation, 
calculated from eqn. 5:5.
PY Approximat ion
1 .2 0 0 ,  R = 3 .5 0
n ■*
-1
kt p ( c) p(u)
M
u
0.0884 0.4162 0.0616 0.0624 0.8917
0.1250 0.2179 0.0731 0.0747 0.6319
0.1533 0.0797 0.0773 0.0791 0.4130
0.1633 0.0079 0.0779 0.0768 0.2736
0.3925 0.0057 0.0560 0.1117 -0 .8 4 4 8
0.3950 0.0088 0.0560 0.1126 -0 .8493
0.4000 0.0190 0.0561 0.1145 -0 .8637
0.5000 0.5590 0.0807 0.2053 -1 .3058
0.6000 1.9205 0.1981 0.4805 -1 .8116
T *  = 1. 263, R = 3.5(7" .
n*- p ( 0 p (u) U
0.1000 0.4186 0 .0694 0.0705 0.8698
0.1500 0.2048 0 .0848 0.0875 0.5564
0.2000 0.0538 0.0910 0.0964 0.2398
0.2195 0.0127 0.0917 0.0981 0.1045
0.2221 0.0018 0.0917 0.0967 0.0558
0.3135 0.0035 0.0907 0 .1152 -0 .3645
0.3268 0.0111 0 .0908 0.1195 -0 .3920
0.3618 0.0621 0.0921 0 .1312 -0 .5229
0.4118 0.2069 0.0987 0.1570 -0 .7330
0.5368 1.1937 0.1753 0.3391 -1 .3 1 2 7
T *  = 1. 275 , R = 3.5(7" •
n * K j1 p (c ) p (u)
*
U
0.1000 0.4303 0.0700 0.0711 0.8798
0.1500 0.2222 0.0861 0.0889 0.5733
0.2000 0.0773 0.0933 0.0991 0.2700
0.2500 0.0066 0 .0952 0.1059 -0 .0303
0.2600 0.0024 0.0953 0.1072 -0 .0 9 3 2
0.2700 0.0019 0 .0953 0.1091 -0 .1 4 2 2
0.2725 0.0021 0 .0953 0.1098 -0 .1 4 8 4
0.3000 0.0104 0 .0955 0.1169 -0 .2490
0.4000 0.1924 0 .1036 0.1560 -0 .6531
0.5000 0.8103 0.1497 0.2696 -1 .1067
1 .310 5T
* R = 5 . 0 Cf .
n *
5 1
p ( c ) p ( u )
0 .1 0 0 0 0 .4 4 2 4 0 .0 7 0 6 0 .0 7 0 8
0 .1 5 0 0 0 .2 3 8 4 0 .0 8 7 4 0 .0 8 8 2
0 .2 0 0 0 0 .0 9 4 8 0 .0 9 5 5 0 .0 9 7 6
0 .2 5 0 0 0 .0211 0 .0 9 8 2 0 .1 0 3 3
0 .2 6 0 0 0 .0 1 5 6 0 .0 9 8 4 0 .1 0 4 4
0 .2 7 0 0 0 .0 1 3 3 0 .0 9 8 5 0 .1057
0 .2 8 0 0 0 .0 1 3 7 0 .0 9 8 6 0 .1 0 7 4
0 .3 0 0 0 0 .0210 0 .0 9 9 0 0 .1 1 1 4
0 .4000 0 .2 1 2 5 0 .1 0 7 7 0 .1 4 7 0
0 .5 0 0 0 0 .8 6 0 6 0 .1 5 4 8 0 .2 6 0 0
0 .6 0 0 0 2 .3583 0 .3 0 2 3 0 .5 6 5 2
T *  = 1 . 3 5 0 , R = 5 . 0 CT .
n * KT i p ( c ) p(u)
0 .1 0 0 0 0 .4 7 7 0 0 .0 7 2 4 0 .0 7 2 6
0 . 1500 ' 0 .2 8 8 8 0 .0 9 1 3 0 .0 9 2 2
0 .2 0 0 0 0 .1 5 8 8 0 .1 0 2 3 0 .1 0 4 8
0 .2 5 0 0 0 .0 9 3 2 0 .1 0 8 4 0 .1 1 4 4
0 .3 0 0 0 0 .0 9 2 4 0 .1 1 2 8 0 .1 2 5 3
0 .3 5 0 0 0 .1 5 7 2 0 .1 1 8 7 0 .1 4 1 3
0 .4 0 0 0 0 .3 0 4 2 0 .1 2 9 6 0 .1677
0 .5 0 0 0 0 .9 8 0 6 0 .1 8 7 5 0 .2 9 1 2
0 .6 0 0 0 2 .5045 0 .3 4 8 6 0 .6 0 6 2
T *  = 1 . 3 1 5 , R = 6 . 0 CT .
n * -1kt P (C) p ( u )
0 .1000 0 .4426 0 .0 7 0 6 0 .0 7 0 6
0 .2 0 0 0 0 .0941 0 .0 9 5 5 0 .0 9 6 8
0 .2 5 0 0 0 .0187 0 .0981 0 .1 0 1 9
0 .2 7 0 0 0 .0 1 0 2 0 .0 9 8 4 0 .1 0 3 6
0 .2 9 0 0 0 .0137 0 .0 9 8 6 0 .1 0 7 0
0 .3 0 0 0 0 .0 1 7 9 0 .0 9 8 7 0 .1091
0 .3 5 0 0 0 .0 7 3 7 0 .1 0 0 7 0 .1 2 1 6
0 .4000 0 .2 0 7 4 0 .1 0 7 0 0 .1431
0 .4500 0 .4 5 3 4 0 .1 2 2 5 0 .1 8 3 0
*u
0 .8 9 6 6
0 .6 0 0 4
0 .3 0 9 3
0 .0 2 5 8









0 .9 2 4 8
0 .6 4 5 5
0 .3 7 5 8
0 .1 2 2 3
0 .1 0 8 6
0 .3 2 5 2
0 .5417





0 .3 1 3 0
0 .0 2 8 9
0 .0867
0 .1 7 5 2
0.2120
0 .4 1 1 4
0 .6 2 5 0
0 .8 4 9 8
1 . 3 2 5 ,
.-1 , ( c )
6.0CT
n ( u)
0 .1 0 0 0
0 .1 5 0 0
0.2000
0 .2 5 0 0
0 .3 0 0 0
0 .3 5 0 0
0 .4 0 0 0
0 .5 0 0 0
0 .6 0 0 0
0 .4 5 1 5
0 .2 5 1 3
0 .1 1 0 8
0 .0 3 8 0
0 .0 3 4 9
0 .0 9 3 3




0 .0 8 8 4
0 .0 9 7 3
0 .1007
0 .1 0 2 3
0 .1 0 5 2
0 .1127
0 .1 6 1 9
0 .3 1 2 2
0 .0711  
0 .0 8 8 8  
0 .0 9 8 7  
0 .1051  
0 .1 1 3 0  
0 .1 2 5 9  
0 .1 4 8 4  
0 .2 6 1 9  
0 .5 6 6 6
0 .9 0 5 4
0 .6147
0 .3310
0 .0 6 0 2
- 0 .1 7 6 3






T *  = 1.30C X II 3 .5 O' .
x
U p(H) 7 (H)
0.0500 0.7034 0.0427 1.1982 0.0424 -3 .3017
0.1000 0.4464 0.0724 0.8987 0.0713 -2 .89 1 4
0.1500 0.2258 0.0917 0.5995 0.0898 -2 .73 6 3
0.1657 0.1594 0.0961 0.5030 0.0946 -2 .7 0 1 2
0.1763 0.1055 0.0987 0.4322 0.0989 -2 .6649
0.1785 0.0781 0.0990 0.4098 0.1017 -2 .63 5 3
0.3690 0.0430 0.1579 -0 .5 2 0 4 0.1443 -2 .53 2 8
0.3700 0.0471 0.1579 -0 .51 9 5 0.1449 -2 .5 2 8 2
0.3750 0.0604 0.1598 -0 .53 3 0 0.1465 -2 .5230
0.4000 0.1251 0.1750 -0 .6281 0.1575 -2 .49 8 6
0.5000 0.6571 0.3143 -1 .0587 0.2840 -2 .2 2 4 2
0.6000 1.9577 0.7089 -1 .50 7 6 0.6580 -1 .5 5 2 4
n*
T *  = 1 .325 , R =
K-1 p (u)
T
3 .5 ( 1  .
u * p(H) 7 (H)
0.0500 0.7147 0.0430 1.2069 0.0427 -3 .2 9 0 4
0.1000 0.4695 0.0735 0.9171 0.0724 -2 .8691
0.1500 0.2653 0.0942 0.6308 0.0921 -2 .70 5 8
0.2000 0.0909 0.1085 0.3403 0.1087 . -2 .59 1 7
0.2035 0.0730 0.1093 0.3163 0.1113 -2 .57 0 0
0.2039 0.0649 0.1094 0.3103 0.1125 -2 .55 8 8
0.3330 0.0105 0.1511 -0 .32 9 4 0.1475 -2 .46 3 9
0.3340 0.0356 0.1498 -0 .31 0 3 0.1438 -2 .47 9 3
0.3400 0.0499 0.1519 -0 .32 7 5 0.1441 -2 .48 1 8
0.3500 0.0680 0.1562 -0 .3647 0.1459 -2 .48 1 6
0.4000 0.1828 0.1873 -0 .56 7 6 0 .1692 -2 ,43 0 0
0.5000 0.7353 0.3351 -0 .99 8 3 0.3044 -2 .1 3 5 4
T *  = 1 . 338 , R = 
p (u )
3 . 5 O' .
*
U p(H) 7 (H)
0 .1 0 0 0 0 .4810 0 .0740 1 .2 1 1 2 0 .0 7 3 0 -3 .2 8 4 8
0 .1 5 0 0 0 .2837 0 .0 9 5 5 0 .6456 0 .0 9 3 3 -2 .6 9 0 1
0 .2 0 0 0 0 .1 2 9 6 0 .1108 0 .3687 0 .1 0 8 6 -2 .5 9 2 8
0 .2250 0 .0 5 6 9 0 .1 1 7 4 0 .2239 0 .1 2 0 4 - 2 .5 1 2 9
0 .2 2 6 3 0 .0 4 5 3 0 .1177 0 .2120 0 .1 2 3 3 -2 .4 8 8 5
0 .3 0 7 0 0 .0 2 9 6 0.1431 - 0 .1 6 8 5 0 .1 4 2 3 - 2 .4 5 1 2
0 .3 1 1 0 0 .0 4 1 3 0 .1 4 4 2 - 0 .1 7 7 8 0 .1 4 1 3 - 2 .4 6 0 8
0 .3 2 5 0 0 .0 6 1 0 0 .1 4 9 5 -0 .2 3 1 0 0 .1 4 2 6 - 2 .4 6 7 0
0 .4000 0 .2 1 2 6 0 .1937 -0 .5 3 8 7 0 .1 7 5 4 -2 .3 9 4 7
0 .5 0 0 0 0 .7 7 5 2 0 .3457 - 0 .9 6 8 0 0 .3147 -2 .0 9 0 5
0 .6000 2.0967 0 .7535 -1 .4 0 4 0 0 .7 0 0 8 - 1 .3 9 6 6
T *  = 1 .3 5 0 ,  R =
-1  (u)
3 . 5 ^  .
* ( h )
n* kt P U P
0 .1 0 0 0 0 .4 9 1 2 0 .0 7 4 6 0 .9 3 4 3 0 .0 7 3 5 - 2 .8 4 7 9
0 .2 0 0 0 0 .1 5 5 4 0 .1127 0 .3 8 9 2 0 .1 0 9 8 - 2 .5 8 1 2
0 .2 5 0 0 0 .0 6 7 8 0 .1 2 7 0 0 .1300 0 .1 2 6 4 -2 .4 9 2 6
0 .2 6 1 5 0 .0 5 8 4 0 .1 3 0 5 0 .0 7 3 2 0 .1 3 0 2 -2 .4 7 6 8
0 .3 1 1 5 0 .0 7 3 6 0 .1 4 7 9 -0 .1 4 9 4 0 .1 4 0 5 -2 .4 6 2 8
0 .4 1 1 5 0 .2 7 9 3 0 .2 1 0 4 - 0 .5 6 1 5 0 .1 9 0 6 - 2 .3 3 9 4
0 .5 1 1 5 0 .9 1 8 4 0 .3857 - 0 .9 9 0 8 0 .3 5 2 6 -1 .9 9 3 5
0 .6 1 1 5 2 .3578 0 .8 4 1 6 - 1 .4 2 1 0 0 .7 8 4 7 - 1 .2 3 2 5
T* = 1 .3 5 0 ,  R =
-1  J u )
5 .0 0 ' .
X- (H) 7n * Ky r U P S
0 .1 0 0 0 0 .4 7 0 6 0 .0 7 2 6 0 .9 2 4 2 0 .0 7 2 5 - 2 .8 6 7 9
0 .1 5 0 0 0 .2 6 3 5 0 .0 9 2 2 0 .6419 0 .0 9 1 9 -2 .7 0 7 7
0 .1 8 0 0 0 .1499 0.1002 0 .4 7 2 0 • 0 .1 0 0 3 -2 .6 5 3 7
0 .1 9 1 7 0 .0910 0 .1027 0 .4 0 0 2 0 .1041 - 2 .6 2 6 2
0 .1 9 2 6 0 .0 7 4 9 0 .1 0 2 8 0 .3 9 1 2 0 .1051 - 2 .6 1 6 7
0 .3 6 7 0 0 .0 5 7 8 0 .1 5 1 3 - 0 .4 2 9 5 0 .1457 -2 .5 0 2 1
0 .3 6 9 0 0 .0 6 6 8 0 .1521 -0 .4 3 5 1 0 .1 4 7 0 - 2 .4 9 6 4
0 .3 7 5 0 0 .0859 0 .1 5 4 9 - 0 .4 5 6 9 0 .1 5 0 2 - 2 .4 8 6 0
0 .4000 0 .1596 0 .1 7 0 3 - 0 .5 5 8 0 0 .1 6 5 2 - 2 .4 4 5 2
0 .4 5 0 0 0 .3 6 9 6 0 .2 2 0 3 -0 .7 7 0 8 0 .2 1 3 8 - 2 .3 2 9 6
0 .5 5 0 0 1 .2524 0 .4 6 0 3 -1 .2 1 1 6 0 .4461 - 1 .8 7 0 3
RT *  = 1 . 3 7 5 , 5 . 0 Ö  .
n *
-1
k t p ( u ) u 1 p ( h ) 7 (h)
0 .1 0 0 0 0 .4 9 1 6 0 .0 7 3 7 0 .9 4 0 5 0 .0 7 3 5 - 2 .8 4 7 2
0 .1 5 0 0 0 .2 9 7 5 0 .0 9 4 5 0 .6681 0 .0941 - 2 .6776
0 .2 0 0 0 0 .1 4 0 8 0 .1 0 8 7 0 .4 0 0 4 0 .1 0 8 6 - 2 .5906
0 .2 2 0 0 0 .0 7 4 6 0 .1 1 3 3 0 .2 9 0 0 0 .1 1 4 9 - 2 .5526
0 .2 2 1 0 0 .0 6 5 5 0 .1 1 3 5 0 .2 8 2 5 0 .1157 - 2 .5468
0 .3 2 9 0 0 .0 4 5 2 0 .1 4 4 0 - 0 .2 1 7 3 0 .1 4 1 4 - 2 .4730
0 .3 4 0 0 0 .0 7 5 0 0 .1 4 8 0 - 0 .2 5 6 8 0 .1 4 5 2 - 2 .4613
0 .3 5 0 0 0 .0 9 4 6 0 .1 5 2 3 - 0 .2971 0 .1 4 9 0 - 2.4511
0 .4 5 0 0 0 .4 3 6 2 0 .2 3 6 6 - 0 .7 1 7 4 0 .2 2 9 5 - 2 .2528
0 .5 5 0 0 1 .3352 0 .4851 - 1.1517 0 .4 6 9 5 - 1.7787
T #  = 1 . 3 9 0 , R = 5 . 0 C f  .
n * Ky1 p(u) *U ( H ) P ' 7 (h)
0 .0 5 0 0 0.7321 0 .0 4 3 2 1 .2226 0 .0 4 3 2 - 3 .2729
0 .1 5 0 0 0 .3 1 6 3 0 .0 9 5 8 0 .6827 0 .0 9 5 4 - 2.6601
0 .2 0 0 0 0 .1 7 1 8 0 .1 1 1 0 0 .4 2 2 4 0 .1 1 0 5 - 2 .5709
0 .2500 0 .0 7 0 6 0 .1 2 3 7 0 .1 6 9 5 0 .1247 - 2 .5013
0 .2 5 5 0 0 .0621 0 .1 2 5 0 0 .1 4 4 2 0 .1 2 6 3 - 2 .4940
0 .2 5 9 0 0 .0537 0 .1261 0 .1 2 3 4 0 .1277 - 2 .4875
0 .2860 0 .0 4 8 8 0 .1 3 3 8 0 .0 0 0 3 0 .1 3 4 3 - 2 .4683
0 .3 0 0 0 0 .0 6 4 3 0 .1 3 8 1 - 0 .0 5 7 3 0 .1 3 7 4 - 2 .4618
0 .3 5 0 0 0 .1 3 0 4 0 .1 5 7 9 - 0 .2 6 5 8 0 .1 5 4 3 - 2.4161
0 .4 5 0 0 0 .4 7 5 4 0 .2 4 6 2 -0 .6 8 6 8 0 .2 3 8 8 - 2 .2 0 8 2
0 .5 5 0 0 1 .3835 0 .4 9 9 5 - 1 .1169 0 .4 8 3 2 - 1 .7254










0 ,1000 0 .5 7 7 3 0 .0 7 7 9 1 .0 0 7 2 0 .0 7 7 8 - 2 .7608
0 .2 0 0 0 0 .3 2 0 5 0 .1 2 4 5 0 .5 4 1 4 0 .1 2 3 8 - 2 .4330
0 .2 5 0 0 0 .2 6 5 5 0 .1 4 3 5 0 .3 2 2 0 0 .1 4 2 3 - 2 .3505
0 .3000 0 .2 6 6 8 0 .1 6 4 7 0 .1 1 1 7 0 .1627 - 2 .2766
0 .4000 0 .4758 0 .2361 - 0 .2 9 3 6 0 .2 3 1 5 - 2 .0824
0 .5 0 0 0 1 .1157 0 .4141 - 0 .6 9 5 2 0 .4 0 3 3 - 1.7049
0 .6000 2 .4735 0 .8 4 6 0 - 1 .0860 0 .8 1 7 9 - 0 .9 5 8 8
